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MATRIX POLYNOMIALS AND THE
INDEX PROBLEM FOR ELLIPTIC SYSTEMS

B. ROWLEY

ABSTRACT. The main new results of this paper concern the formulation of
algebraic conditions for the Fredholm property of elliptic systems of P.D.E.’s
with boundary values, which are equivalent to the Lopatinskii condition. The
Lopatinskii condition is reformulated in a new algebraic form (based on matrix
polynomials) which is then used to study the existence of homotopies of elliptic
boundary value problems. The paper also contains an exposition of the relevant
parts of the theory of matrix polynomials and the theory of elliptic systems of
P.D.E.s.

INTRODUCTION

Let A denote an elliptic operator in 2 and let B be a boundary operator, where €2
is a bounded domain in R™. In this paper several versions of the algebraic condition
for the Fredholm property of (A, B) are formulated, equivalent to the Lopatinskii
condition of [Lo]. The main new result is the following. A square matrix function
AE defined on the unit cotangent bundle of 02 is constructed from the principal
symbols of the coefficients of the boundary operator and a spectral pair for the
family of matrix polynomials associated with the principal symbol of the elliptic
operator. The Lopatinskii condition is equivalent to the following condition: the
function AE must have invertible values.

The proofs use the theory of matrix polynomials due to Gohberg, Lancaster,
Rodman, and others; for instance, see [GLR], Chapter 14 in [LT], and Chapter 6
in [R].

There is a natural map defined by (A, B) — A, going from the space of elliptic
boundary value problems to the space of elliptic operators. Now let A, 0 <7 <1,
be a homotopy of elliptic operators and let By be a boundary operator such that
(Ao, Bp) satisfies the Lopatinksii condition. We will show that the given homotopy
of elliptic operators can be lifted to a homotopy (A, B;) in the space of elliptic
boundary value problems satisfying the Lopatinskii condition. This result is proved
in Theorem 7.3 and was motivated by the article [Ge]. The key element in the proof,
i.e. the construction of the boundary operators B, requires that we use pseudo-
differential operators on 92 and the theory of matrix polynomials mentioned above.
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The existence of homotopies is crucial for the index problem for elliptic systems,
which is to find a formula for the index of the associated Fredholm operator. The
results of the present paper (in particular Theorem 7.3) will be used by the author
in a subsequent paper (see [Ro2]) to prove an index formula for elliptic systems in
the plane, in terms of the winding number of the determinant of AE.

In §1 we write out the definition of elliptic systems in the sense of Douglis-
Nirenberg and also state the main properties of pseudo-differential operators which
are needed here. Section 2 contains an exposition of the relevant parts of the
theory of matrix polynomials. The results in this section are not mathematically
new; however, the presentation of several constructions and proofs in this section is
novel, and they are used later in an essential way. (See also [Rol].) In §3 we formu-
late the algebraic condition for the Fredholm property in various equivalent forms
(see Theorem 3.3). In §84 and 5 some technical results are developed concerning
families of matrix polynomials, which are used to prove Theorem 7.3 and also two
theorems in §6 of Agranovi¢ and Dynin type, the first one on comparing the index
of two boundary value problems having the same elliptic operator and the second
on reducing the transversal order of a boundary operator.

A remark on the way in which equations are cross-referenced between sections:
the notation (5-8) means equation (8) in §5.

1. ELLIPTIC SYSTEMS OF DOUGLIS-NIRENBERG TYPE

Let Q be a bounded domain in R™, a domain being a connected, open set. We
will consider systems of linear differential equations A(z, D)u(z) = f(x), = € 9,
where u and f are p-vector functions and

A(‘TV‘D) = [Aij(an)]po; xr € (_27

is a p x p matrix, such that the elements, A;;, are linear differential operators

Aij(z,D) = Z GE?)(@DQ

la|<aij

with smooth coefficients, az(-?) € C>(€). Here the usual multi-index notation is
being used: D* = D" --- D% |a| = a1 + -+ + an, and for convenience when
operating with the Fourier transformation, the basic derivatives include the factor
1/i, that is, D; = i~'0/0x;, where i = /—1. The boundary, 99, of the domain
is assumed to be C*°.

Let a;; denote the order of A;;. If A;; = 0, then we set a;; = —oo. Now suppose
that we have integers s1,...,Sp,t1,... ,¢, such that the operator A;; has order
a;j < 8 + 1,

where it is to be understood that A;; = 0if s;4+t; < 0. Clearly, any given s;,¢; may
be replaced by s; + constant, t; —same constant. Then we let Agj (z, D) denote the
sum of terms in A;;(x, D) which are exactly of the order s; + t;, with lower-order
terms replaced by zeros. For arbitrary real £ = (£1,...,&,) € R™ we define the DN
principal part mp.A(z, £) as the polynomial p X p matrix

(1) 7TD.A($,§) = [A;g (zvf)]PXP = [ﬁsi-i-tinj(‘T’vg)]PXP'
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Definition 1.1. The operator A(z, D) is said to be elliptic at € Q if there exist
DN numbers s1,...,5p,t1,...,t, such that the characteristic polynomial

(2) X(§) = det mp Az, &) # 0
for each 0 # £ € R™.

Note that the choice of DN numbers (if they exist) is not unique. Nevertheless,
from now on we write 7 A instead of mpA for the principal part. The characteristic
polynomial x(€) is homogeneous in £ of degree m = > (s; + t;), that is,

3) x(c§) = c"x(§),  ceR

The differential operator A(x, D) is said to be elliptic on Q if it is elliptic at each
point z € Q with a fixed set of DN numbers.

Let v : 02 — T(R™) be the inward-pointing unit normal along 9. For each
x € 99 there is the direct sum decomposition T, R™ = T, (9Q)® span(v,), and by
passing to the dual, we have T} R" = [span(v,)]° @ [T,(0Q)]°. By identifying the
annihilator subspace [span(v;)]° with the cotangent space T (9€2) by means of the
restriction map &' — £ |1, (9q) we have

TiR™ = T%(09) @ [T.(09)])°,
§= f/ + &,
where ¢’ € T5(99) is cotangent to 9 and &, is conormal to 9, i.e. (§,,v) = 0 for
all v € T (092).
Now let n : 9 — T*(R™) be the image of v by the index-lowering operator
T(R™) — T*(R™) that maps 9/90x; to dx;. Because the space of conormal vectors

at a point x € 02 is one-dimensional and n(z) # 0 for each x, then every £ € T} (R™)
can be written uniquely in the form

where ¢’ € T (09), &, € R. This defines a vector bundle isomorphism T*(R™) ~
T*(0Q) & (09 x R), and we are justified in writing, for each £ € T, R™,
(4) £= (&),

where &' € T (99Q), &, € R.

The definition of proper ellipticity at a point = € 9 on the boundary is as
follows. When we substitute £ = (£, A) = & + A-n(z) € T, R™ in the characteristic
polynomial x(§) = det mA(z,€), it is to be understood that the canonical isomor-
phism T (R™) ~ R" is taken into account. We may also permit A to be a complex
number, and then £ € T; R" @ C C C™.

Definition 1.2. Let n > 2. The elliptic operator A(x, D) is proper at x € 99 if
for each 0 # & € T (99) the polynomial in A € C

(5) P(\) = x(&,)) =det mA(z, (€, 0))
has as many roots, r, in the upper half-plane Im A > 0 as in the lower half-plane,
Im A < 0, counting multiplicities.

Here x = det mA is the characteristic polynomial (2). Since it is a polynomial of
degree m in (¢, ), then

P(\) =dettA(x, (&', N) = am(x)\™ + - -,
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with a,,(z) independent of ¢’. By ellipticity with & = 0, A = 1, it follows that
am(x) # 0, x € 0N, whence m is the degree of P(\). Also because of ellipticity
there are no roots on the real axis, so if A is properly elliptic we must have m = 2r.
Hence m is even and the number r in Def. 1.2 is independent of x € 9 and & # 0.

Remark. One could try to generalize proper ellipticity and propose that the number
r of roots of P(\) = 0 in the upper half-plane Im A > 0 be independent of £ €
T (0Q)\0. But by homogeneity of det w.A(x,£) with ¢ = —1 we have

det T A(z, (=&, =) = (=1)" det T A(z, (£',\)), x € 09,

from which it follows that the number, m — r, of roots in the lower half-plane
Im A < 0 is equal to

Thus we get proper ellipticity.

Definition 1.3. If in the definition of DN ellipticity (Def. 1.1) we can put s; =
.-+ =8pand t; = --- = t,; then the operator A is said to be homogeneously elliptic.
Because s; and t; can be replaced by s;4-constant, t; —same constant, we can choose
t1 =--- =t, = 0 (Another possible choice is of course s1 = --- = s, = 0).

Ift{ =---=1t, =0and s; = --- = 5, = {, then writing the homogeneous
operator A in the form

A(x,D) = Y Aq(x)D",

| <e

where the A, (x) are p X p matrices, we have

A(Q?,f) = Z Aa(x)fa,

lee|=£

and the characteristic polynomial x(€) = det mA(x, §) has the (maximal) order ¢-p.

The boundary, 01, is a compact C* manifold. When dealing with a boundary
operator for an elliptic system it is important to be able to work with pseudo-
differential operators on 9€2; this makes it possible to modify the order of the
boundary operator. For any compact C'*° manifold M, let OS™ (M), m € R, be the
set of pseudo-differential operators (p.d.o.’s) of order m on M as defined in [Ho,
Chap. 18]. For each m € R, we define the “classical” p.d.o.’s to be those operators,
A € OS™(M), that have a well-defined principal symbol 7A € C*(T*(M)\0),
positively homogeneous of order m; we denote this subset by OCIS™(M). Classical
p.d.o.’s are closed under composition of operators. Furthermore, if A € OCIS™* (M)
and B € OCIS™2 (M) then

m(AoB)=7wA 7B.

A Riemannian metric on M gives rise to a positive measure on M and an inner prod-
uct on Ly(M). Classical p.d.o.’s are closed under adjoints, and for A € OCIS™ (M)
the principal symbol of the adjoint A* is given by

7(A*) = 74,

the complex conjugate of the principal symbol of A.
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Theorem 1.4.
(i) Any p.d.o. A€ OS™(M) defines an operator A : C*°(M) — C*°(M) and an

operator
AW (M) — W™ (M)

for any o € R. Here W3 (M) is the Sobolev space of order o on the manifold
M

(i) For any function h € C(T*(M)\0), positively homogeneous of order m,
h(CC,C{) :th(zaf)v c> 07
there exists a classical p.d.o. A € OCIS™ (M) with principal symbol TA = h.

The proofs of these results may be found, for instance, in [WRL, Chap. 8].

We turn now to the formulation of boundary value problems for a (properly)
elliptic operator 4, with DN numbers sq,...,sp,t1,... ,tp. As usual, we let D,, =
i~10/0n, where n is the inward pointing unit (co)normal vector field on 9. Points
on the boundary will be denoted by y € 0. Let r be the number of roots of
the polynomial P(\) = det 7 A(y, (£, A)) in the upper half-plane Im A > 0, i.e.
half the order of the characteristic polynomial x. In addition to the p equations,
A(z, D)u(x) = f(x), in 2, we consider r boundary conditions

(6) ZBkj(va)uj(y) =g(y), k=17,

that is, B(y, D)u(y) = g(y), where B(y, D) is the matrix operator [Bg;(y, D)]rxp-
The boundary operators By; are taken in the form

Lij

(7) Byj(y, D) = > bf;(y, D')Dy,  y €9,
k=0

where b} (y, D') are (classical) pseudo-differential operators on the manifold 9.
The principal parts are denoted by 7bj;(y,&), (y,£') € T*(92)\0, and we also
write 85, = ord by;.

The DN principal part of the boundary operator B is defined as follows. Let

(8) my; = maxord(by; Dy,) = max(8y; + K)
lad K
(the numbers my; can be negative and also non-integer, i.e. my; € R) and then let

(9) my := 1%1;2{;;(”1“ —t;), k=1,..,r,
so that my; < my +1t;. The DN principal part of the boundary operator B(y, D) is
defined as the r X p matrix

(1) ®pB(y.€) = [Biy (4 O)lrxps By, &) = > 'wbiy; (v, €)én,
where 3" denotes the sum over those terms with 5 +x = my +t;. In other words,
By ;(y,€) consists of the principal parts of the terms in By; which are just of order

my +tj, with the other terms replaced by 0. As usual, § = (£',&,),£" € T, (92)\0
and &, is conormal at y. From now on we denote the DN principal part by 7B
rather than 7pB.



3110 B. ROWLEY

The operators bgj can have negative order, ﬁ,’jj < 0; for some purposes, however,
it is convenient to assume that all these orders are non-negative, and this can always
be achieved as follows. Let A? be a pseudo-differential operator with principal
symbol ['|?, then replace b; by A7 o by, where ¢ is chosen so that ¢ + 8f; > 0 for
all k, 7, that is, we choose

11 = — min 0§,
(11) q g}égﬁk]

Remark. If A is homogeneously elliptic (Def. 1.3), then the boundary operators
under consideration have order my in the kth row, k =1,... ,r.

Our intention now is to formulate the L-condition for elliptic boundary value
problem operators (A, B), but some more preparation is needed.

Consider the decomposition (4), (4') of the cotangent space T, (0Q) at the
boundary point yg € 02, where yq is fixed. We replace &, by %% and fix £’ # 0 in
the DN principal part of A to obtain the system of ordinary differential equations
(with constant coefficients)

(12) Ao, (€, %%))w(t} —0,  t>0, &eT @\,

The solutions}of this equation are p-columns of exponential polynomials of the
form 3" p; (t)e*it, where the p;’s are polynomials in ¢ and the \;’s are eigenvalues
of L(X). The solution space 9 = M(¢’) of (12) decomposes directly into

(13) M =M @M+,

where 9 consists of all solutions w(t) with w(t) — 0 as t — +oo. We have
dim M = m, dim M+ = r and dim M~ = m — r, and any w € MT is a p-column
of exponential polynomials such that ImA; > 0 for all j. It is evident that if

w € M then w and all its derivatives belong to La(R; ), since et < e~¢t for
some constant ¢ > 0.

Definition 1.5. The pair of operators
Aly,D),B(y,D),  ye€ o9,

is said to fulfill the L-condition if for all y € 9Q, 0 # £ € T, (02), the zero initial
value problem

R (€5 ) =0, £>0,

1d
mB(y, (£, ;a))w(t)\tzo =0,
has in M+ = M*(¢') the unique solution w(t) = 0.

One could also formulate the L-condition with the second equation replaced by
By, (&, %%))w(t)uzo = g and require that there be a unique solution w € M+
for every g € C". (See Theorem 3.3(i).)

Now we state the definition of L-ellipticity of a boundary value problem.
Definition 1.6. The boundary value problem

A(z, D)u(z) = f(z), T € Q,

B(y, D)u(y) = g(y),  y €,
is said to be L-elliptic in € if:
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(i) the operator A(x, D) is elliptic for all x € Q, see Def. 1.1;
(ii) the operator A(z, D) is properly elliptic for all z € 99, see Def. 1.2;
(i) A(y, D), B(y, D) satisfies for all y € 9 the L-condition of Def. 1.5.

The second condition is actually superfluous, i.e. it follows from conditions (i)
and (iii), for if the mapping
, 1d
By, (€', -
is bijective for all ¢’ # 0, then the dimension of MM (£’) must be independent of &',
i.e. the number of roots of P(A\) = det mA(y, (¢/,A)) = 0 in Im A > 0 is independent
of ¢ (equal to the number of boundary conditions), and proper ellipticity of A
follows as in the Remark after Def. 1.2.
Recall that for any integer £ = 0,1,2,..., the Sobolev space W4 () is defined
as the set of all functions u € Ly(Q2) for which the distributional derivatives D*u
(or weak derivatives) belong to La(Q) for |a| < £

W4 (Q) = {u € La(Q); D*u € Ly(N) for |a < £}.

))|t:0 : fm+(§/) — C",

We introduce a scalar product on W4 () by means of

o)y = 3 [ Drule)- Dol da,

la| <2

where, as usual, functions which are equal almost everywhere are identified. This
inner product makes W%(Q) into a Hilbert space. The corresponding norm is also
denoted with a subscript £, i.e. ||ul|? 7 = (u,u)g. (One can define the Sobolev spaces
on { for any non-negative real number ¢, but they will not be needed here.) On
the boundary 90 we will also work with the Sobolev spaces W (0Q) for any real
number o. The definition of these spaces requires the use of a partition of unity
subordinate to an atlas on the manifold 9. For details on Sobolev spaces see [Ad],
[W]].

Before continuing, note the following fact about the weights s1, ..., sp,t1, ..., %, in
the definition of ellipticity:

(14) maxs; > —t;j, for all j.
Otherwise, there would exist jo such that s;+t;, < 0 for all 4, so that A;j, (z, D) =0,

in contradiction to ellipticity. Replacing the weights s; and ¢; with s; — const and
t; + const, we may assume that the weights are normalized as follows:

(15) $; <0, t;>0, forallé,j, and maxs; =0.

Finally, here is the formulation of the Fredholm property for L-elliptic systems. A
Fredholm operator is a bounded linear operator whose kernel has finite dimension,
«, and whose image has finite codimension, 3; the index of this operator is defined
to be a — 3. We define the Hilbert spaces

WHEQ) = Wi T () x -+ x Wy T (Q),
WES(Q) = Wy~ (Q) x - x Wy (9),

WEmTL2(0Q) = Wy ™H(99) x - x Wy T (09),
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with the natural inner products induced by the direct sums. For instance, the
norm for u € W(Q) is ||u||§th =30 HujH?Hj, and similarly for W*=5(Q) and
WEm=1/2(9Q)). Here £ is an integer such that

(16) L> 0= max{ml?xmk + ¢+ 1, maxs;},

and ¢ = —ming x,; Bf;; see (11). With the normalization (15) we have £y > 0.
Corresponding to the boundary value problem (18) we have the operator

(17) %= (A, D), Bly, D)) : WHE(Q) — WE5(Q) x WEm1/2(9Q),
which is a continuous linear operator, i.e.

[Aul,_s + 1Bullp—m—1/2 < comst. [lullpp
since ord A;; < s; +t; and ord By; < my, + ;.

Theorem 1.7. Let Q be a bounded domain in R™ with a C* boundary 0). For
the boundary value problem

A(z, D)u(z) = f(x), x € 9,

B(y, D)u(y) = g(y),  ye€,

the following conditions are equivalent:

(a) the boundary value problem (18) is L-elliptic (Def. 1.6);
(b) the operator (17) is Fredholm;
(c) for all u € W*HH(Q),€ > Ly, there is the a priori estimate

(18)

(19) ||U||e+t < C[HAUHE—S + HBU||13—m—1/2 + ||qu+t—1]-

For the proof, see [WRL, Chap. 9]. It turns out that if (b) holds for just one
¢ > ¢y then it holds for every £ > £y. The same is true for (c).

Remark. Note that
(20) by +t; > 1, for all j.

This is clearly true when maxy my + ¢ > 0, so it remains to consider the case when
maxyg my + ¢ < 0. By definition of my, and ¢, we then have

mej —t; < 6';:7

forallk =0,... 0y, j=1,... ., £and k= 1,...,7. The definition of ms; implies
that 3; +r —t; < fj; for all j, k and . Hence t; > 0, and ¢; being an integer we
have t; > 1. This proves (20) since ¢y > 0.

Note. The inequality (20) ensures that W*Tt=1(Q) C Lo(Q) x -+ x La() when
£> L.

The next section develops a spectral theory of matrix polynomials which makes
it possible to reformulate the L-condition in various equivalent algebraic forms.
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2. SPECTRAL TRIPLES FOR MATRIX POLYNOMIALS

For any finite dimensional vector spaces I, N, let L£(IM, ) denote the set of
linear maps from 9 to M. A triple of operators (X,T,Y) is called an admissible
triple if X € L(ON,CP), T € L(OM) = LN, M) and Y € L(CP,9M). The vector
space 91 is called the base space of the admissible triple. Two admissible triples,
(X,7,Y) and (X', T",Y"), are called similar if there exists an invertible operator
M € L(9,9M) such that

X'=XM, T'=M"'TM, and Y'=M"'Y.

The admissible pair (X, T) is referred to as a right admissible pair, while (T,Y) is
called a left admissible pair. If S; € L(O,N;), j =1,...,n, we define

Sy
col(S;)iy = + | €L D ©Ny).
Sn
Similarly, if T; € L(0;,N), j =1,...,n, we define
row(Tj)iey = [Th ... T, €L & - &M, N)
and if W; € L(ON;,M;), j =1,...,n, we define
W1 0
diag(W;)j_; = ELOM D O, M D---DMN,).
0 Wy

Let L(\) = E?:o A;N be a p x p matrix polynomial. A complex number )\ is
called an eigenvalue of L(\) if

det L()\O) = O,
and the set of all eigenvalues is called the spectrum of L(\), denoted sp(L), i.e.
sp(L) = {\ € C; det L(\) = 0}.

Now let v be a simple, closed (rectifiable) contour not intersecting sp(L). Also let
G denote the region inside . In part (i) of the following definition, the notation
sp(Ty) of course refers to the spectrum of ITA — T

Definition 2.1. A ~-spectral triple for L()\) is defined to be an admissible triple
(X4, T4, Y,:) with the following properties:

(1) sp(T4+) C G (i.e. inside 7),

(i) L7'(\) = X+ (IX = T4)~ 'Y} has an analytic continuation in G,

(iii) col(X+Ti)§;(lJ is injective,

(iv) rovv(T_{YJr)ﬁ;(lJ is surjective.
Also, we say that (X,T4) is a (right) y-spectral pair for L(A) and (T4,Y,) is a
left y-spectral pair for L(\).

If the contour + is chosen so that all of sp(L) lies inside v, then we obtain a triple
(X,T,Y) which we call a finite spectral triple (i.e. for the finite complex plane).
If v is chosen so that it surrounds just one eigenvalue Ay € sp(L), then we obtain
a triple (Xo, 7o, Yp) which we call a spectral triple at \g. If Tp = Jp is a Jordan
matrix, then we refer to (Xo, Jo, Yp) as a Jordan triple at Ag.
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Proposition 2.2. Property (ii) of Def. 2.1 can be replaced by

1 . .
(ii") 5 NL7YN)dh= X T0Yy,  j=0,1,....
"

Proof. The property (ii) holds if and only if
1 4
— [ N{LT'N) - X, (IN-Ty) 'Y }d =0, 5=0,1,....
27 J,

Since sp(T4) C G, this is equivalent to (ii’).
Proposition 2.3. If (X, Ty) is a y-spectral pair for L(\), then

£
> A X T] =0.
j=0

Proof. By definition, there exists an operator Y, such that (X, 7T4,Y,) is a v-
spectral triple for L(X). Then property (ii’) implies that

¢ ¢
. 1 ‘
Ry _ NGk —1 _
J.E:O A X TL-ThY, = 5 /7;_0 AN -XLTH(A)dA =0

for k =0,1,... and, by property (iv), it follows that Zf:o AjX+Ti =0.

Remark 2.4. If (X4, T4,Y,) is a y-spectral triple for L()), then (Y, TT, XT) is
a vy-spectral triple for LT(\), where LT(\) = ZA;‘F)J is the matrix polynomial
obtained by transposing the coefficients of L(A). Analogous to Prop. 2.3 one can
show that if (T,Y,) is a left v-spectral pair for L()\), then
¢
> TiviA;=0.
§=0
In order to prove the existence of «-spectral triples, we need the fact that every

solution of the homogeneous differential equation L(d/dt)u(t) = 0 can be expressed
in the form

(1) u(t)

for some CP-valued polynomial f(\) of degree < ¢ — 1. In fact, the following
result is true. Let My, denote the set of solutions u € C*° (R, CP) of the equation
L(d/dt)u(t) = 0. Every u € 9, can be written in the form

(2) ut) =Y pilt)e™,
where the p; are CP-valued polynomials, and the complex numbers )\; are eigenval-
ues of L(A), i.e. roots of the polynomial equation det L(A) = 0. It is well known
that the dimension of M, is equal to the degree, «, of det L()).

Let M} denote the subspace of M, consisting of solutions of the form (2) such
that the eigenvalues \; lie inside ~.

1 / eALTYN) F(N) dA

~ omi

Proposition 2.5. Every u € E)JTZ has the representation

1 o1y )
) ut) = 5 [ LN Y Lia(u ) d,
v j=0

= omi
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where Lj(\) = Aj + Ajpi A+ -+ A7, §=0,... 0. This expresses u in terms
of its Cauchy data at t = 0.

The proof is quite simple when L(A) has invertible leading coefficient, A;. The
general case requires somewhat more work, and the reader is referred to [WRL,
Chap. 1] for the details.

Now we prove existence of «y-spectral triples. It is also possible to show that they
are unique up to similarity; see p. 31 in [WRL].

Theorem 2.6. Let v be a simple, closed contour not intersecting sp(L). Then
there exists a ~y-spectral triple for L(X).

Proof. We define an admissible triple (X1, T4, Y,;) with base space MM as follows:

Xiu = u(0),
du
Tiu=—
+U dt’
1
(Yix)(t) = f/etAL_l(A)x dA.
27i J,

(Note that if u € 9} then du/dt € M} .) We will show that (X, T}, Y, ) satisfies
properties (i), (ii") ,(iii) and (iv) of Def. 2.1.

Let Ao ¢ G. Then define S € L(M]) as follows:

@ (500) = 55 [ LW~ )

YY)

where f determines u as in (1). Note that if [ eML7Y(N\) f(N) dX\ = 0 for all ¢, then
L7Y(\)f(\) has an analytic continuation inside 7; consequently, the expression
defined by the right hand side of (4) is also 0, and S is well-defined. One can now
verify immediately that (INg — 7% )Su = u and S(IXg — T4 )u = u for all u € M.
Hence (I\g — Ty)~! exists and sp(74) C G. In fact, sp(T) C G, since there exists
a contour v/ contained in G such that the part of sp(L) lying inside 4/ is the same
as that inside 7, and we can replace v with 4" in the formula (4). This proves (i).

The fact that (ii’) of Prop. 2.2 holds is an immediate consequence of the definition
of (X+, T+, Y+)

Now recall that for every u € M} the identity (3) holds. Since u)(0) = X+T_{_u,
the injectivity of col(X+T_{)§;(l) follows from (3). This proves (iii).

Finally, to prove (iv), note that (3) can be written in the form

1
u(t) = — / ALY [T ... X dx- 2 U,
27 /),

where U = col(u?) (O))‘f;(lJ , the Cauchy data of u at ¢t = 0, and

A Ay ... Ay

Ao 0
() z=1 . e

A, 0 ... 0
a pl X pf matrix (with A;, As, ..., Ay along the reverse diagonals and zeros below

the diagonal of A,’s). By the definition of T and Yy above, we obtain

u = row(T_{YJr)ﬁ;(l) CZ col(XJrTf)i;%)u,
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so that row(TiYJr)ﬁ;(l) is surjective. This completes the proof of the theorem.

Having proved existence of spectral triples, we now turn to develop various prop-
erties of spectral triples. We would like to show that the spectrum of T, coincides
with the part of the spectrum of L(A) inside ~.

Lemma 2.7. Let L(\) = Ef:o A; N be a matriz polynomial of degree ¢, and define
LiA) = Aj+ Ajpad -+ AN, j=0,... 0
If (X, T) is an admissible pair such that Z?:o A;XT7 =0, then

—1
(6) L)X = Lipa(\) - XTI(IA=T).
J=0

Proof. Since AL;1(\) = L;j(X) — Aj, then

-1 -1 -1
STLiaNXTI(IN=T) =Y (Lj(A) = A)XTI = " Lip (NXTIH!
j=0 7=0 7=0
—ZAjXTj
j=0
= L(\)X.

Proposition 2.8. If (X;,T4,Yy) is a y-spectral triple for L(X), then sp(Ty) =
sp(L) NG.

Proof. By definition, we have sp(T+) C G. Now if g € sp(T4), there exists vy # 0
such that Ty vg = A\gvg. Then, by Prop. 2.3,

‘ ¢
0=> A; X Tivg =Y A;N X vg = L(Ao) X vp.
j=0 j=0

Note that Xjvg # 0; otherwise if X vy = 0 then X4 T7vy = N)X v = 0, for all
j=0,1,..., and, due to (iii) of Def. 2.1, we would have vy = 0. Hence Ag € sp(L)

and it follows that sp(7%) C sp(L) N G.
Next we show that if A € G\ sp(L) then A & sp(T). Since

M) =LY\ = X, (IN—=T,)" 'Y,

is analytic in G, it follows that L=1()\) has an analytic continuation to G\ sp(T%.),
which is N(A) :== M(A\) + X+ (TN — T4 )"V, If A € G\ sp(L) then

(7) I'=LA)N(A)
= LM + L)X (IN—Ty) 'Y,

N+ L (WXL TV,

where the latter equality holds by Lemma 2.7. But G is connected, so (7) holds
for all A € G. Another application of Lemma 2.7 implies I = L(A)N(X) for all
A € G\sp(Ty). Similarly, N(A)L(A) = I there. Hence (G\sp(L)) Nsp(T4) = 0,
and it follows that sp(74) =sp(L) NG.
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The Calderén projector. For any u € My, the column vector U € CP* defined
by

U = col(u(0));Z

is the Cauchy data (or initial conditions) of u at ¢ = 0. Recall that every u € 9}
has the representation

3) u(t) = / ALV [N .. Lon)] dh-U

" 2mi
(see Prop. 2.5); then by taking initial conditions on the left-hand side of this equa-
tion we obtain U = P, - U, where

. 1
(8) P, = 3 g L7\ - [Ll()\) Lg()\)} d.

Ty \ et

AT

The following theorem shows that P, is a projector, which we call the Calderén
projector because of the reference to Calderén in [Se].

Theorem 2.9. P, is a projector in CP*. The image of P, is equal to the set of all
Cauchy data, U, of functions u € imz

Proof. In view of the equation U = P, - U, the set of Cauchy data of functions
u € M} is contained in the image of P,. On the other hand, the image of P, is
contained in the set of Cauchy data, for if c = [co ... ¢o—1] € CP! let

~
—

1
’U,(t) = — / et)\L_l()\) Lj+1 ()\)Cj dA.
2 J, :
J
Then u € M} and its Cauchy data is U = col(u(j)(()))g;é = P,c. The fact that
P, is a projector is now clear, for the equation U = P, - U implies that P, is the
identity on its image.

Il
=]

Corollary 2.10. Let (X4,Ty) be a vy-spectral pair of L(A) (Def. 2.1). Then P,
and col(X+Ti)§;(lJ have the same image. Hence every u € SDTZ' has a representation

u(t) = X eT+e
for a unique ¢ in the base space of (X4, Ty).

Proof. Let (X4,T4,Y,) be a y-spectral triple for L()\) with base space denoted by
M. By virtue of (ii’) in Prop. 2.2, we have

(9) Py = col(X4 TL)jZf - row(TL1Y4) (5 - 2,

where Z is defined by (5). It follows that the image of P, is contained in that
of col(X+T_{)§;é. On the other hand, for any ¢ € 9t the Cauchy data U of the
function u € M} defined by

*) u(t) = XpeTre
satisfies U = col(X+Ti)§;(1Jc. This proves the first part of the corollary, i.e. P, and

col(X.,rT_{é)ﬁ;(lJ have the same image. Functions of the form (*) certainly belong to
I}, by virtue of Prop. 2.3 and the fact that sp(Ty) C inside 7. Conversely, if
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u € S)JTZ, then by Theorem 2.9 its Cauchy data, U, is equal to P, c for some c € cr.
Since u and the function @(t) = X, eT*c have the same initial conditions, i.e.

u?(0) =a"(0), j=0,1,...,0-1,
it follows from (3') that u = @ . Hence every u € 9} has a representation (*), and
c is unique due to the injectivity of col(X+Ti)§;é.
Let r denote the number of roots of det L(A) = 0 inside v, multiplicities counted.
Since r is the dimension of 9}, we obtain the following result.

Corollary 2.11. The base space of any ~y-spectral pair of L(\) has dimension r.

Proof. This follows from the uniqueness of ¢ in Corollary 2.10 and the fact that r
is the dimension of M.

The next corollary will be used frequently in later sections.
Corollary 2.12. If (X1, T4,Y,) is a vy-spectral triple of L(\), then
row(T1Y4)52g - Z - col(X 4 T1) 28 = I, .
(Thus, row(TiYJr)?;(l) - Z is a left inverse ofcol(XJrTi);;(l) , or, stated another way,
Z. col(X+Ti)§;é is a right inverse of row(TiY+)§;(1J.)
Proof. Since P, - col(X+T_{)§;é = col(XJrT_f_)?;é , the result follows by virtue of
(9) and the injectivity of col(XJrTi);;(l).
The “left” Calderén projector is
Li(A)
Pl =— LTI AT dA
v 271 . . ( ) [ }
Lg(X)
Note that P'Iy is just the transpose of the Calderén projector for the transposed

matrix polynomial LT(\). In the following theorem ker P'/v denotes the kernel of
the operator P .

Theorem 2.13. Pfy is a projector in CPt. Also, if‘(T+,Y+) is any left ~v-spectral
pair of L()\) (see Def. 2.1), then ker P, = ker rOW(T_{_Y+)§;é .
Proof. Note that
X4
(10) P =2z : o P S
X Tt

and by Corollary 2.12 it follows that P, - P, = P.. The inclusion

ker [Yy ... T{'Yy] CkerP,
is obvious. Conversely, if Pjc = 0 then [Y, ... Ty, Pic =0, and using
(10) and Corollary 2.12 we get [V} ... T£_1Y+] ¢ = 0. Hence

ker P, Cker [Yy ... Ti{'Yy],
so equality holds.
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Our aim now is to show the connection between the Calderén projector P, for a

matrix polynomial and the Riesz projector for an operator. (See the third corollary
below.)

Theorem 2.14. Letv and T be simple, closed contours not intersecting sp(L) such
that v is contained in the interior of T'. Let (X,T,Y) be a I'-spectral triple of L(\)
and let
1
Q=5 [r-1) i
¥

= 2mi
the Riesz spectral projector. Let Mt =im Q.,, the image of Q~. Then
(X4, T4, Yy) = (Xjon+, Tiom+, Q1Y)

is a y-spectral triple of L(\) with base space M.

Proof. From Prop. 2.8,sp(T') consists of the eigenvalues of L()) inside I'. In par-
ticular, sp(T) Ny = 0, so that Q. is well-defined. To prove that (X4,T4,Yy)
is a y-spectral triple of L(\), we verify conditions (i) to (iv) of Def. 2.1. Since
im @) is the invariant subspace of 1" corresponding to the eigenvalues of T inside
7, it follows that sp(7%) lies inside 7. This proves (i). To prove (iii) note that
col(X+Ti)§;(lJ = col(XTj)ﬁ;élmH. Hence the injectivity of col(X+Tfr)§;(1) follows

from that of col( X7V )?;é . The proof of (iv) is similar. Finally, observe that
X, TLY; = XT9Q,Y

:XTj-L,/(I)\—T)_ldXY

271 N

= L./AjX(I/\—T)_le)\
27 Jy
1 .

=— [ NL7'(\)d), j=0,1,..,
2m

Y

where the last equality holds since L=*(A\) — X (IA—T)~'Y has an analytic contin-
uation inside I" and, therefore, inside . Thus condition (ii’) and hence (ii) holds.

Corollary. Suppose that the portion of sp(L) inside I' is divided into two parts by
contours y* and v~. Let (X4,Ty,Yyx) be vE-spectral triples of L()\), respectively.
Then

1)  X=[x. X_J, = <T+ T_> ’ Y= G?_r>

is a T-spectral triple of L(X).

Proof. Tt (X, T,Y) is any I'-spectral triple of L()) (not necessarily of the form (11))
with base space I, let Q.+ = ﬁ wi(D‘ —T)~! be the Riesz projectors. Then
M =M ®M~, where M* = im Q,+, and in view of Theorem 2.14, it follows that
relative to this decomposition the triple (X,T,Y) may be represented in the form
(11), where (X4, Ty, Y:) = (Xjonz, Tjon+, Q,+Y). Due to the fact that any two

~T-spectral (resp. v~ -spectral) triples of L()) are similar, the corollary is proved.

Corollary. Suppose that the portion of sp(L) inside T is divided into two disjoint
parts by contours 4" and v~ . Define Calderdn projectors P+ and P,- as in (8)
relative to 4" and v~ , respectively. Then P+ P,- = P, P+ = 0.
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Proof. As in the preceding corollary, let

X =[x+ X_], T= <T+ T_>’ Y= @i)

be a I'-spectral triple of L()\), where (X4, T4, Y4:) are y*-spectral triples of L(/\)
respectively. By Corollary 2.12, row(TJY)ﬁ o 2 is a left inverse to col(XT7 )J 0

that is,
I+ 0
o 0 Iop- )’

where Iyp+ denote the identity operators on the base spaces, 9®, of (X, Ty, YY),
respectively. Hence

X,

l—1
Vi oo TV g . '
Yoo THYYL ., ',

Xyt o xortt

(12a) YOW(T_{;Y_,’_)?;%J . Z. COl(X_Tf)i;}) -0
and
(12b) rOW(sz—)f;(lJ - Z-col(X TH)Zh =0.

Now, by (9), we have

Pys = col(X+T1)\ ) - row(T1Ye)(Zh - 2,

and it follows from (12) that P+ P,- = P,- P+ = 0.

Corollary. Suppose that the portion of sp(L) inside T is divided into two disjoint
parts by contours v and v~. Let (X,T) be a I'-spectral pair of L()\). Then

col(XT9)Z8 - Q. = Pyx - col(XT7)0 24,

where Q.+ = (I)\ T) , the Riesz projectors, and Py+ are the Calderdn

projectors (8) relatwe to v, respectively.

Proof. Let 9 denote the base space of (X,T). Then MM = M+ @ M~, where
ME = im Q~+ , and corresponding to this decomposition of 9 we may write

X=[Xx; X_], T:(T+ T_),

where (X, Ty) are yT-spectral pairs of L(\ ) respectively. Then, since P+ P,- =
P, Pt =0 and im P,+ = im col(X4T1)Z

271'1

= 07 we obtain

col(XTI)!=h - Qe = [col(XJi).;g o}
4 - [col(XJrTj )Zh col(X_T7)Zh
=P+ - col(XTJ)7 “os
and similarly for Q- and P,-.

The following corollary will be needed in §§5—-7. The letter o denotes the degree
of det L(\), and r is the number of zeros of det L()\) inside yT. In the statement of
the corollary, (X4, Ty, Yy) are y=-spectral triples of L()\) consisting of matrices.
This means that X is an r x p matrix, T4 is an r X r matrix and Yy isap x r
matrix, and similarly for X_ T Y_ with r replaced by a — r.
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Matrix polynomials such as B(\) below which have rectangular matrix coeffi-
cients arise from boundary operators for elliptic systems.

Corollary. Suppose that the portion of sp(L) inside T is divided into two disjoint
parts by contours v+ and v, and let (X4, Ty, Y1) be v -spectral triples of L(\),
consisting of matrices. Then for any r x r matriz, My, and r X (o — r) matriz,
M_, there exists an v X p matriz polynomial, B(\) = Zf;(l) BjN, such that

-1 -1
(13) > B;X, T =M, and > B X T =M_,
=0 =0
and its coefficients are given by
—j—1 —j—1
(14) Bj =M, - Z TYYy Ajprsr + M- Z TFY_Aj ki
k=0 k=0
T, Y.
Proof. Let X = [X+ X_], T = T ) and Y = v By the first

corollary above, (X,T,Y) is a finite spectral triple of L()), that is, a I'-spectral
triple where I' is a contour having all of sp(L) in its interior. Since the equations

(13) can be written in the form ;") B;XTY = [My M_], or

[Bo ... Bia]-col(XT9):Zg=[My M_],
then, in view of the fact that [Y ... T‘7'Y] Z is a left inverse of col(XTj)g;(l),
there is the solution [Bo Bg_ﬂ = [M+ M_} . [Y Te_lY} Z , that
is,
£—j—1
Bj=[My M_] Y T'YWAj,
k=0

which is equal to (14).

Remark. If L()\) has invertible leading coefficient, then the B; are unique since
col(X T )?;(1) is invertible. For the case when the leading coeflicient is not invertible
see [WRL, §4.2].

A matrix polynomial L(\) = I\’ + Zf;(l) AjN in which the leading coefficient is
the p x p identity matrix, I, is said to be monic. In this case, the degree of det L(\)
is a = pl, so det L(A) has pf zeros. If (X, T) is a finite spectral pair for L()\), then
col(XT7 )?;}3 is not just injective, but invertible since it is a square matrix.

Definition 2.15. Let L()) be a monic p X p matrix polynomial of degree ¢. A pair
of matrices (X, T), where X is p x pl and T is pl x p/, is called a standard pair of
L() if the following conditions are satisfied:

(i) col(XT%)Z] is invertible;
(i) Y2 A;XT7 + XT* = 0.

A standard pair of L(\) is simply a finite spectral pair. It is important, however,
to have a new terminology here in order to single out the monic case. Strictly
speaking, a standard pair refers only to a pair of matrices, not operators. For the
proof of the following theorem, see [GLR] or [WRL].
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Theorem 2.16. Let L(\) be a monic p x p matriz polynomial, and let (X,T,Y)
be a triple of matrices, where X isp X pl, T is p X pl and Y is pl X p. Then the
following are equivalent:

(a) (X,T,Y) is a finite spectral triple of L(X\);

(b) L71(\) = X(IX-T)"Y;

(¢) (X,T) is a standard pair for L(\) and

(15) Y = (el XTY) |
I

We call (X,T,Y) a standard triple for L(\) if any (hence all) of these properties
hold.

Remark. By Corollary 2.12 we have
(16) (col(XTH)20) ™" = row(19Y)'Zh - 2,
where Z is the matrix defined by (5) (here 4, = I).

Analogous to Def. 2.15, there is the definition of left standard pair. A pair of
matrices (T,Y), where Y is pf x p and T is pl x p, is called a left standard pair of
L) if

(1) row(TjY)g;(l) is invertible;

(i) Yo TV A; + TV =0.
It is not hard to show that (T,Y) is a left standard pair for L()) if and only there

exists a p X pf matrix X such that (X,T,Y) is a standard triple for L(\). Moreover,
if (X,T,Y) is a, standard triple for L(\), then

X=[0 ... 0 I] (row(T9Y){Zg)~".

3. ALTERNATIVE VERSIONS OF THE L-CONDITION

As mentioned earlier, we use the matrix theory of §2 to reformulate the L-
condition for elliptic boundary problems in various equivalent forms.

Let A be an elliptic operator with DN numbers s1,... ,Sp,t1,... ,t,. Associated
with the DN principal part of A on the boundary 0f), there is the p x p matrix
polynomial

¢
Lyer(A) = mA(y, (€,0) = D A4 (5, €N,
j=0
y € 0, 0 # & € T, (01), where £ < max(s; +t;). We suppose that A is properly
elliptic, so that det Ly ¢/(\) has r roots in the upper half-plane Im A > 0 and r in
the lower half-plane.

Remark. Recall that (£, \) is the short notation for & + X\ - n(y). Also, the use of
the letter ¢ is distinct from that in Theorem 1.7.
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Let B be a boundary operator of the type considered in §1 with DN numbers

mi,...,Mp,t1,...,t,. We can write it in the form
m
(1) B(va) = ZBH(va/)Dzv
k=0

where the coefficient-operators, B, = [bgj], are r X p matrices of classical p.d.o.’s on
0f). Note that the order of bﬁj is my +t; — x. The integer p > 0 is the transversal
order of the boundary operator and is the maximum of the orders of the normal
derivatives that occur in the entries of B. Associated with the DN principal part,
w3, there is the r X p matrix polynomial

Bye(N) =By, (€)= Bj(y.£)N,
j=0

y € 09, 0 # ¢ € T (09Q), where B; = 7B3; is the principal symbol of the jth
coefficient-operator, B;.

Remark. To simplify the notation, we often suppress the variables y, £’ and write
just L(\) rather than L, ¢ (\). The same is done for B(\).

The goal of this section is to reformulate the L-condition for elliptic boundary
value problems in several equivalent versions. We start with an abstract, quite
general formulation, and use the matrix notation of §2.

Let L(\) = Zﬁ:o AjN be a px p matrix polynomial. Suppose that det L(\) # 0
for A € R, and let v be a simple, closed contour in the upper half-plane Im A > 0
that contains all the eigenvalues of L(\) there. By §2 there exists a yT-spectral
triple (X4, T4,Y,) for L()), and the base space of the yT-spectral pair (X1, T})
has dimension 7, where 7 is the number of roots of det L(A) = 0 inside v*. We let
mt = zmz(i,ld/dt) denote the subspace of C*° (R, CP) consisting of the solutions of

L(i='4)y = 0 such that u(t) — 0 as t — +oo. Recall that dim 9+ = r, and by
Corollary 2.10 every u € 9™ admits a representation of the form
(2) u(t) = X e,
for a unique c € C".
Remark. The matrix polynomial L(%)\) has the spectral pair (X, 4T%) with respect
to the eigenvalues in the half-plane Re A < 0.

The (right) Calderén projector is

1

1
P =P, =— : L7\ [Li(A) ... Lg(N)] dA,
271 A+ Z;l

AT
where L;j(\) = Aj + Aji1d + -+ AN, 5 =0,...,¢, and we know that the
image of Py is equal to the set of initial conditions col((%%)ju(()))ﬁ;é.
Theorem 3.1. Let B(\) = 3‘:0 BjXN be an r x p matriz polynomial of degree .
The following statements are equivalent:

(a) For anyy € C", there is a unique u € M such that

1d
B(ga)“ﬁ:o =Y.
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(b) If (X4, TY4) is a y-spectral pair for L(X), where X is a p X r matriz and T’
is an r X r matriz, then the r X r matriz A‘E'; = E?:o B; X, T7 is invertible,
1.€.

}J‘ .
(3) det Af; = det(>  B; X, T) #0.
§=0
Proof. As we remarked above, any u € 9" can be represented in the form u(t) =

X e™T+c for a unique ¢ € C". The equivalence of (a) and (b) is clear since

1d - :
B(gE)U“:O = (Z BJXJ’_T_{_) - C.
7=0

Corollary. Further, if u < ¢ — 1 and we define the r x pf matriz

B=[By ... B, 0 ... 0],
then (a) and (b) are also equivalent to: (V) The rank of B - Py is equal to r.
Proof. Let (X4, T4,Yy) be a matrix y-spectral triple for L(A). Then X isapxr

matrix, T is 7 x 7 and Y4 is 7 x p. Consider the r x p{ matrix B- P, as an operator
CP! — C" and the r x r matrix Z?:o B; X, T7 as an operator C" — C”. Since
X,
(4) P, = : o R i @ -4
X, Tt
where Z is defined by (2-5), it is clear that the image of BP, is contained in that
of 20y Bj X T{. Conversely, if

"
y=> B;jX,Tlc
j=0
where ¢ € C", then y = BCOI(XJrTi)g;(l)c. Since the image of P, is equal to
that of col(X+T_{)§;(lJ, we have col(X+Ti)§;éc = P, ¢ for some ¢’ € CP!, whence
y = BP.c'. This means that BP, and Z;‘L:o B; X, T7 have the same image, and
therefore the same rank. This proves the equivalence of (b) and (b').

In the following theorem, L(\) denotes the cofactor matrix of L(A), i.e. the

matrix polynomial such that L(A)L(A) = L(A)L(X) = det L(X) - I. Also we let P’
be the left Calderén projector (Theorem 2.13),
) Li(A)
/I _ pl . —1 -1
P, = 7+_2—m,/W S B AeV T S Uy W
Le()
Theorem 3.2. The conditions (a) and (b) of Theorem 3.1 are also equivalent to:
(¢) The r x pl matriz (called the Lopatinskii matriz)
1
=— [ BMNLT'W[I ... X7]adr
i | B | ]

has rank r.
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(d) There exists a pl x r matriz S such that GS = I, and SG = P/, where P!
1s the left Calderdn projector.

(e) The rows of the r x p matriz polynomial B(X) - L(\) are linearly indepen-
dent modulo p*()\), where we have factored the scalar polynomial det L()\) as
p~(A) - pt(N), pT containing all the roots of det L(X) = 0 inside v%, and p~
all the roots outside y+.

Proof. As a preliminary remark, note that by linear algebra the r x pf matrix G
has rank r if and only if the corresponding linear map G : CP* — C7 is surjective.

(b) < (c). Let (X4+,T4+,Y}) be a matrix yt-spectral triple for L()\). By the
formula (ii’) in Prop. 2.2, the Lopatinskii matrix is equal to

(5) G:(ZBjX+T_{)~[Y+ Lo TS,

and we know that [Y ... T{'Y,] has rank r (see Def. 2.1(iv)). Hence G has
rank 7 if and only if the r x r matrix A}, = E?:o BjXJrTi is invertible.
(b) < (d). The left Calderdén projector is equal to
(6) Pl =2 col(X,T)Zp [ve ... Ty,
If (b) holds we let

(7) S=Z col(X,T1)S Z B; X, T.)™

7=0
then SG = P} , and by Corollary 2.12 we have GS = I,.. Conversely, if (d) holds
then the equation GS = I, implies that G has rank r. In view of (5) this implies
that the matrix AE = E?:o B; X, T has rank r; hence it is invertible since it is a

square r X r matrix. ~ ~
(c) = (e). Note that L(\) = det L()\) - L~(\); as remarked above, L()\) is the
cofactor matrix for L(\), so it is a polynomial. If z € C” is such that

(8) zBA)L(N) = p*(N) - M(\)
for some 1 X p matrix polynomial M (\), then dividing (8) by det L()\) gives
FBOVLTI(N) = p~ ()1 M(V),
and the right-hand side is holomorphic inside v, whence
(9) z [ BNLT'N[I ... XU dix=o0.
’Y+
Thus (c) implies that « = 0.
(e) = (c). Conversely, let x € C" be such that (9) holds. In view of (5) we see

that x - Z?:o B; X, T{ = 0. Multiplying both sides of this equation by T_’;YJr for
k=0,1,..., and making use of the formula (ii’) in Prop. 2.2, we obtain

x/ BO\LYWMdx=0

for all k = 0,1,... . Hence xB(A\)L™1()\) has an analytic continuation inside
v as a matrix function of \. Since L(\) = det L(\) - L™1()\), this means that
xB()\) - L()\) vanishes at the roots of det L()\) = 0 inside v, i.e. vanishes at the
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roots of p*(A) = 0. Hence (8) holds for some 1 x p matrix polynomial M (}), and
then (e) implies that £ = 0. Thus G is surjective, i.e. has rank r.

Remark. The matrix S is uniquely determined by the conditions in (d). The first
equation implies that G is surjective, and if S and S; satisfy SG = P/ and S1G =
P! then (S — S1)G = 0, whence S — S, = 0.

Remark. From the proof of (c) < (e) it is clear that condition (e) can be formu-
lated in another way: The only z € C” such that xB(\) - L~(\) has an analytic
continuation inside y* is & = 0.

There is a natural correspondence between the conditions (a) and (c), i.e. de-
pending only on L(A), not on the choice of spectral triple. First of all, note that
(5), (6) and Corollary 2.12 imply that G- P’ = G. Also, for the map ¢ : CP* — I+
defined by

1 ‘ -1 ‘
¢ pelt) = 5 /7 . LN - chﬂw d,
7=0
we have B(%%) lt=0 o = G, and, in view of Prop. 2.5, ¢ is surjective. Further,
since

gpc=X e[y, .. TUWYL]
it follows that ker ¢ = ker [Yy ... T4 'Y,], which is equal to ker P} by Theorem
2.13. Thus we have the diagram
ot ot o ape
le
Cr

where the fact that P{ and ¢ have the same kernel means that we can identify
im P} and 9" along the top row of the diagram. With this identification, the map
G [impy: im P, — C7 is identified with the map B(14) |,_o: Mt — C". Thus,
condition (a) holds if and only if

G |im ptim P, —C’ is bijective.

Now we apply the matrix theory to the L-condition for elliptic systems (A, B).
For the sake of emphasis we gather all the equivalent conditions together in one
long theorem.

From now on we usually omit mention of the contour v, i.e. we write [  instead
of f»ﬁ? because the value of the contour integral depends only on the residues in
the upper half-plane Im A > 0, not on the particular contour.

In the following theorem, no assumptions are made concerning the transversal
order, u, of the boundary operator (u > ¢ is permitted).

Theorem 3.3. Suppose that the operator A(zx, D) is properly elliptic, let B(y, D)
be a boundary operator as in (1), and fir y € 9Q, 0 # £ € T, (0Q). The following
statements are equivalent:

(i) The initial value problem

(10) R, (€, =) =0, >0,
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7By, (€, )u(t) limo= g,
has for every choice of g € C" a unique solution u € zmz(%% .
SDT'L"(%% is the space of solutions of (10) such that u(t) — 0 as t — oo (i.e.
corresponding to the eigenvalues of L(\) with a positive imaginary part).

The r x pl matriz G = Gy ¢ defined by

G:/ mB(y, (€, ))wA(y, (€, M) [T ... ATU] da
+

As usual,

has rank r, where f+ denotes the integral along a simple, closed contour v+
in the upper half-plane containing all roots of det Ly ¢/(X) = 0 with a positive
mmaginary part.

If (X4+(y,8),Ty(y, &), Yi(y,&)) is a v -spectral triple for Ly ¢ (X)), where
X (y,&) is a p xr matriz, Ty (y,&") an r x r matriz and Yy (y,&') anr X p
matriz (existence by Theorem 2.6), then

o
det A (y,€) = det(> Bi(y, €)X (5, €)T(y,€)) £0.
j=0

There is a unique pl x r matriz S = Sy ¢ such that GS = I, and SG = P,
where P = P,’Y+ is the left Calderdn projector for Ly ¢/(X).
Let us factor the scalar polynomial, det Ly ¢/(N), as p~(\) - pT (), where p*
contains all the roots above the real azis, and p~ contains all roots below the
real axis. If L(\) denotes the matriz polynomial

L(A) = det Lyer(\) - L e/(N),

then the rows of By ¢/(\) - L(\) are linearly independent modulo p*()).

The first condition is of course equivalent to the L-condition stated in Def. 1.5.
Condition (ii) is known as the Lopatinskii condition; the matrix (11) is the Lopatin-
skii matrix, and was introduced by Lopatinskii in his paper [Lo]. Fedosov used con-
dition (iv) in a series of papers, beginning with [Fe|, where he developed an index
formula for elliptic boundary value problems. The last condition (v) is called the
“covering” or “complementing condition”, and was introduced and used by Agmon,
Douglis and Nirenberg in their fundamental paper [ADN].

An example illustrating the use of the A-condition is given at the end of this
section, but first we must define the Dirichlet problem for an elliptic operator.

The Dirichlet problem. Let A be a p x p properly elliptic operator, and suppose
that r = ps for some s. Then we can pose the Dirichlet problem (A, D), where

1
10,

D= , I is p x p identity, 0, = 9/0n,

10931

but in general it will not satisfy the L-condition. In fact, if we let

(X+ (yv gl)v T+ (ya 5/)3 Y+ (yv gl))

be a yT-spectral triple for L, ¢ ()), then Theorem 3.3 implies the following result:
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The Dirichlet problem, (A, D), satisfies the L-condition if and only if the r x r
matric

(13) A = col(X (y,€)TL(y,€))5 5

is invertible for all (y,£&") € T*(02)\0.

If ~ is a simple, closed contour not intersecting sp(L), then a matrix polynomial
L()) is said to admit a y-spectral right divisor Ly (\) if L(A\) = La(\) - L1(\), where
the spectra, sp(L1) and sp(Ls), lie inside and outside of ~, respectively. It can be
shown that the invertibility of (13) is equivalent to the existence of a yT-spectral
monic right divisor of degree s for Ly ¢/(A) for all y € 9Q and 0 # &' € T} (09); see
[GLR, Chap. 4] or [WRL, Chap. 3].

Assume now that the principal part of A is homogeneous of degree £ (Def. 1.3). In
this case the leading coefficient of L, ¢/ (\) is Ay = mA(y, n(y)), which is invertible.
Then det Ly ¢/(\) has degree pl. In order to pose the Dirichlet problem we need
r = ps for some s, hence £ = 2s.

Theorem 3.4. Let A(z, D) be a properly elliptic operator and suppose that the
principal part of A is homogeneous of degree £ = 2s. The Dirichlet problem (A, D)
satisfies the L-condition if and only if

I
(14) det/ 5 T A(y, (&, 2)7! I ... X dx#0
T\
for all y € 092, 0 # &' € T (09).
Proof. Suppose there is a y*-spectral right factorization
Lye(N) = Ly o (WML o (),

with L:jﬁ/()\) monic of degree s. Then L ,(A) must also have degree s with invert-
ible leading coefficient, since Ay is invertible and £ = 2s. Due to the homogeneity
of T A we have TA(y, (¢/,)) = (=17 A(y, (=€, —))), and hence
Lyg(N) = (1)L, _o (=ML _/(=N).

This means that whenever L, ¢ (\) has a monic v -spectral right divisor of degree
s for all y € 0Q, 0 # ¢ € T,(09), it also has a monic y*-spectral left divisor of
degree s. As mentioned above, the existence of a monic y*-spectral right divisor
is equivalent to the invertibility of the matrix (13). By duality, it is also true that
the existence of a monic v -spectral left divisor is equivalent to invertibility of the
matrix

(15) row (T (y. €)Y+ (y,€))52.
Now, observe that by virtue of Prop. 2.2 the matrix in (14) is equal to
Xy
(16) ey e
X, Tt

which implies that (14) holds if and only if both the matrices (13), (15) are invert-
ible.
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In checking the Lopatinskii condition we are confronted by the difficulty of de-
ciding which r of the ¢p (¢ = 2s) columns of (11) are independent. The theorem
above shows that for the Dirichlet problem it is only necessary to check for linear
independence in the first r columns. The same is true for any boundary operator
once the Dirichlet problem is known to satisfy the Lopatinskii condition:

Theorem 3.5. Let the principal part of the operator A be homogeneous of degree
¢ = 2s and suppose that the Dirichlet problem (A, D) satisfies the L-condition, i.e.
the ps X ps matriz (14) is invertible. Then the ps X p boundary operator B(y, D)
satisfies the L-condition relative to A if and only if

(17) det/+7r3(y, E )A€ NI . A AN £0

for all y € 99,0 # ¢ € T, (09).

Proof. Let (X4,T4,Y,) be a yt-spectral triple for Ly ¢/()). As mentioned above,
the invertibility of (14) is equivalent to the invertibility of both factors in (16).
Now, since the matrix in (17) is equal to

w
(18) N OB X T [Ye . TV,

the invertibility of [Y, ... 757'Y,] implies that (18) has non-zero determinant
if and only if Z;L:o B; X, T7 has non-zero determinant. By (12) this is equivalent
to the L-condition for (A, B).

For an application of Theorem 3.5, see [Ro2, Theorem 7.5]. We end this section
with an example to illustrate the use of the A-condition of Theorem 3.3.

Example. Let ¢(x) = ¢1(x) + ip2(z), and consider the following 2 x 2 operator
of order £ = 2:

2 2 2
(19) Al o) = Alx) 25 ° a

913 +2B(z )81328331 +C(x )8 5 + lower-order terms,

where

_ [ pi(x) () +1 _ ) — Alx
a0 = (5700 P') me = o= aw”

and @1, 2 are real-valued functions in C*° () such that
2(2

(20) (01(2))* + (p2(2))* #

for all z € Q. The principal part of A is
TA(z,€) = A(x)€3 +2B(x)61& + C(2)€]
_ ( p1(2) (6 + &) — 2618 p2(a)(&F +&3) + (€5 — ff))

(2)(& +&) — (& - &)  —w(a)(Ef +&3) — 268
where ¢ = (£1,&) € R2. Then

det mA(z, ) = (6 +&)°(1 — |o(2)*),
and in view of the assumption (20) ellipticity holds, i.e. det mA(z,&) # 0 for all
& # 0. Here we have £ = 2s, where s = 1, and r = ps = 2.

Let n(y) be the inward-pointing unit normal at y € 99, and 7(y) the unit
tangent vector to 9 such that 7(y),n(y) is a positively oriented basis of R?, i.e.
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7(y) points in the counterclockwise direction. Writing 7(y) = (11(y), 2(y)), we
have n(y) = (—72(y),71(y)). We will consider two boundary problems for A: (I)
The Dirichlet boundary problem

(21) Au= f(z),z€Q,  Bu=g(y),y€ o,
where Bu = u]|09Q; and (II) a Neumann-type boundary problem
(22) Au = f(z),z € Q, Cu=g(y),y € 9N

where Cu = Cy(y)9/0x2 + C1(y)0/0x1 and Co = A — B,Cy = 1B — 12C.
The goal is to find the conditions on the function ¢ that ensure the boundary
problem (21) or (22) satisfies the L-condition. By homogeneity of w.A it suffices to
verify the L-condition when [¢/| = 1, i.e. (y,&) € ST*(99); see §5, equation (11).
We identify ST*(0€) with the unit tangent bundle ST(09). If (y,&’) € ST*(09),
then |£'| = 1, so & = £7(y), and ST*(09) is the disjoint union of two copies
of 092. The 2 x 2 matrix polynomial associated with 4 on the boundary 90X is
Lye(N) = mA(y, & + X-n(y)), where & = £7(y). Now let Ly(\) = Ly, ,(,)(\), that
is,

(23) Ly(N) = mA(y, 7(y) + A - n(y)) = A(y)A* + 2B(y)A + C(y)-

Remark. When & = —7(y) we have L, _,,)(\) = L,(=)\). The operator A and
boundary operators B,C have real matrix coefficients; thus by virtue of complex
conjugation it suffices to verify the L-condition when £’ = 7(y). See Remark 1.1 in
[Ro2].

To investigate the L-condition for the boundary problem (21) or (22), observe
that the matrix polynomials associated with the boundary operators are

By(\) = 7By, (y) + A -n(y)) =1
and
Cy(N\) = 7C(y, 7(y) + X -n(y)) = A(y)A + B(y),

respectively, where I denotes the 2x 2 identity matrix and the 2 x 2 matrix functions
A(y), B(y) are defined by the equation (23). In view of Theorem 3.4 we must find
the conditions on ¢ ensuring that

det/ L,\)"td\ #0
+

for the Dirichlet problem (21), and in view of Theorem 3.3(ii)
rank/ Cy( I Mdh =2

for the Neumann problem (22). It is cumbersome to compute these integrals di-
rectly, so let us use the A-condition of Theorem 3.3(iii). To do so requires that
we have a yT-spectral pair of zy()\) To lessen the computational burden, consider
first the related matrix polynomial:

Lr(/\) = T(A(‘Tv (17 )‘))

= A(x)N\? + 2B(z)\ + C(z)

_ ( e1(x)(XN2+1)—2X  pa(x)(A +1) + (N — 1))
pa(x)(N +1) = (A2 =1)  —pi(x)(A? +1) —2)



MATRIX POLYNOMIALS AND THE INDEX PROBLEM 3131

and det L;(\) = (1 + A?)%(1 — |p(x)|?) for all A € R, where p(z) = ¢1(z) + ipa(x).
Note that L,()\) has two eigenvalues A = +i, both of multiplicity two. It is not
hard to verify that
(24) X = (L ) nw= () )
is a y*-spectral pair of L,(\) for all z € Q. (The matrix 7'y is a Jordan block and
the columns of X are a Jordan chain, corresponding to the eigenvalue A = . See
[WRL, Example 3.17].)

Note that L,()) is defined in terms of the basis (1,0), (0,1) for R?, whereas the
matrix polynomial L,(\) = mA(y,7(y) + An(y)) is defined in terms of the basis
7(y),n(y). Since 7(y) = (11(y), 72(y)) and n(y) = (=72(y),71(y)), we have

Ly(A) = (11(y) = A2 (9))? - Ly (¢~ (N),

where o~ 1(A\) = (12 + A1) /(71 — A72) . Since ¢ maps the upper half-plane Im A > 0
to itself, then by [WRL, Theorem 2.21] the pair

Xi(y) = X1 (y),
(25) T (y) = (nW) T (y) — () D) (12 ()T (y) + 7)) "

is a yt-spectral pair of L,()\). For the Dirichlet problem with s = 1 we have
Af(y,7(y)) = X4 (y). Then det A¥(y,7(y)) = ip(y), and it follows that the Dirich-
let problem (21) satisfies the L-condition if and only if (20) holds and

(26) o(y) # 0 for all y € 00
For the Neumann problem we have
Al (y,m(y) = A X+ )T+ (y) + By) X+ (y),
and, after some computation, one obtains that
A* .y :<is0(y) —i )
o=\ 50 e -1

whence det Al (y,7(y)) = iv(y)(l¢(y)|*> — 2). Thus the Neumann problem (22)
satisfies the L-condition if and only if (20) holds and

(27) e(y) #0, |o(y)| # V2 for all y € 99

4. MATRIX POLYNOMIALS DEPENDING ON PARAMETERS

Let M be a C*° manifold, and let
¢
(1) Lo(A) =Y _Aj(@)N,  zeM,
j=0

be a family of p x p matrix polynomials of degree < ¢ with matrix coefficients which
are C*° functions of x € M and such that det L, (X) # 0 for all real \. We also
assume that the number, r, of zeros of det L, () in the upper half-plane Im A > 0
is locally constant on M, multiplicities counted. This is equivalent to the following
assumption. For any zg € M and simple, closed contour v containing the zeros
of det Ly, (A\) in Im A > 0:

(*) There is an open set U > xo such that v contains the zeros of det L,(\) in
ImA >0 forallzeU.
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We do not assume that the degree of det L, () is constant, although for matrix
polynomials that arise from an elliptic operator this will always be true, of course.

For each z € M, there is the vector space M} of solutions of Ly(t4)u = 0
such that u(t) — 0 as t — +oo. Let 7,5 be a simple, closed contour containing the
eigenvalues of L,(\) in the upper half-plane Im A > 0. As in the proof of Theorem
2.6, L, ()\) has the ~;f-spectral triple (X4 |4, T |2, Y4+ |2), where

Xy |e: M — CP maps  u— u(0),

1d
(2) Ty e M — M maps w— ;d_th’

Yy |o: CP — M maps c+— L e LY (M) ed.
2mi f,
Lemma 4.1. Let L,()\) have the properties stated above. The family of vector
spaces IMT = {IMF} has a unique vector bundle structure over M such that the
maps X4 : MT — CP, Ty : Mt — MY and Yy : CP — IMMT defined on each fiber
by (2) are vector bundle homomorphisms.

Proof. The Calder6n projector for L,(A) with respect to the eigenvalues in the
upper half-plane is given by

I
(3) pr— L : LYV [T .0 X Z,d),

27 ot /\Z—'lj

where v contains the eigenvalues of L, (M) in the upper half-plane Im A > 0. Let
xo € M. By assumption, see (*), there exists a neighbourhood U of z( such that
the contour v, in (3) can be replaced by ’y;'ro for all z € U. Since the coefficients of
L.()\) depend smoothly on z it is clear that the matrix P, depends smoothly on
x. Hence P} is a projection operator for the trivial bundle M x CP‘. Hence the
family of vector spaces im Py = {im P,/ } is a vector bundle over M (see [WRL,

§5.7]).
We have a map ¢ : 9T — im P, defined by the Cauchy data on each fiber,

1d.; 1
uEM — U= Col((;E)JU(O))izé €im P c CP,
which we know is a linear isomorphism on each fiber (Theorem 2.9). We give
M the vector bundle structure that makes ¢ into a vector bundle isomorphism.

To prove that X, T and Y, are smooth we just have to show that X, o ¢!,

poT, op~tand poY, are smooth. Recall that for any matrix polynomial, L()\),
every u € M has a representation of the form
1 .
u(t) = —/ ALY [T ... AU 2 UaN,
2m J

where U is the Cauchy data of u (see (2-3) and recall that | . is the short notation

for f7+). It follows that X, o o™! = X limp., poTyo ol =T lim P, and
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poY, =), where

= L L_l()\) [I . )\2_1[} Zd\, p X pf matrix,
2mi
1 .
=5 col(/\JI)g;é . /\L_l(,\) [I .. )\5—1]} Zd, pl x pl matrix,

+
1 )
V= ﬂ/ COI(/\JI)ﬁ;}J 'L_l(/\) d>‘a pf X p matrix.
T J+

Since X, 7 and ) are smooth matrix functions on M, and im P, is a subbundle of
M x CP!, it follows that Xy o p~! € L(im P,CP), po Ty oo~ ! € L(im Py) and
poY, € L(CP,im P, ) are smooth.

The definitions we had previously in §2 for admissible triples of operators carry
over to families of such admissible triples. A triple of vector bundle homomorphisms
(X,T,Y) is called an admissible triple over M it X € L(E,CP),T € L(E) and
Y € L(CP, E), where E is a vector bundle over M. As before, F is called the base
space of (X, T,Y). Two admissible triples over M, (X, T,Y) and (X', T",Y"), with
base spaces E and E’, respectively, are called similar if there exists a vector bundle
isomorphism ¢ € L(E', E) such that X' = X¢, T' = p " 'Tp and Y/ = o~ 1Y.

Theorem 4.2. Let L,(\) = Z?:o Aj(z)N be a family of matriz polynomials with
the properties stated above. For each x € M, let vF be a simple, closed contour
containing the eigenvalues of L, () in the upper half-plane Im A > 0. Then there
exists an admissible triple (X, Ty, Y} ) over M such that (X4 (z), Ty (z),Yi(x)) is
a v -spectral triple of Ly(\) for all x € M. Any two such admissible triples are
similar.

Note. We call the triple (X4,T4,Y}) a spectral triple with respect to the upper
half-plane for the family of matrix polynomials L(A) = Ly(\), x € M.

Proof. The existence of a spectral triple (X, T,Y,) has been proved in Lemma
4.1 (the base space is £ = 9M™1). Now let (X' ,T%,Y]) be another spectral triple
for the family L()), i.e. an admissible triple over M, with base space E’, such that
(X! (2), T (x),Y](x)) is a v -spectral triple of L(\) for all z € M. By [WRL,
Prop. 2.12], it follows that X/, (z) = X (z) - My, T (z) = My - T (x) - M, and
Vi(x) = M7 Yi(z) for all z € M, where

My = row(T1 ()Y (2))'25 - 24 - col(X (2)T"(x)) 5.
Obviously M € L(E', E) and is a (smooth) isomorphism. Hence (X4,T4,Y,) and
(X!, T,,Y]) are similar.

Remark. If (X4, T4,Y,) is any admissible triple over M satisfying the conditions
of Theorem 4.2, then its base space E' is necessarily isomorphic to M+, due to the
isomorphism E — 9T given by E, > v — X, (z)e?T+ @)y € 9t

Corollary 4.3. There exist vector bundle isomorphisms MT ~ im Py and MT ~
im P, where Py and P: are the right and left Calderén projectors with respect to
the eigenvalues in the upper half-plane.

Proof. The isomorphism 9™ — im P, is given by the Cauchy data

w s col(u (0))25
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on each fiber. As for the second isomorphism, consider the map ¢ : CP* — I+
defined by

-1
1 ity —1 j
c— oc(t) = 2—m,/+e L\ - ch+1/\7 dA.
7=0

Let (X4,T4,Y}) be a spectral triple with respect to the upper half—plane for the
family L()). Since ¢c = X €T+ it follows due to injectivity of col(X+Ti)§;(1) that
ker¢ = ker [Y+ Tf‘lYJr} = ker P{ (for the second equality, see Theorem
2.13). Since P} is a smooth projector, then ker P/ is a vector bundle over M. By
surjectivity of ¢, we have an isomorphism

CP'/ ker p ~ M.

But also CP//ker¢ = CP‘/ker P ~ im P/, so there is a natural isomorphism
Mt ~ im P} .

In §85-7 it will be clear that the triple (X4, Ty, Yy ) is a key step in the construc-
tion of boundary operators satisfying the L-condition for a given elliptic operator;
this in turn is crucial for the proof of the index formula for elliptic systems in the
plane. (See [Ro2].)

In fact we would like to have spectral triples (X, T4, Yy ) which are C™ matriz
functions on M. (Precisely, X4 (z) is a p x r matrix, T4 (z) is an r x r matrix
and Y4 (z) is an r X p matrix, with entries depending smoothly on x € M.) One
necessary condition for the existence of such a triple (X4, T,Y,) is obvious: 9+
must be trivial, since there is the isomorphism from M x C" to 9™ defined by

(z,v) € {x} x C" — X (x)eT+®)y e M.

The triviality of 9™ is also sufficient, as we show in the next proposition.

Note that the condition that the number of eigenvalues of L, (A) in Im A > 0 be
locally constant in z € M just means that the number of them is constant on each
component of M.

Theorem 4.4. As usual, suppose that det L, (\) # 0 for all real \, and let the
number, r, of roots of det Ly(\) = 0 in the upper half-plane be independent of
x € M. Then there exists a spectral triple (X4, T+,Y:) with respect to the upper
half-plane for the family L(\) = L,(\) consisting of C*° matriz functions on M if
and only if the vector bundle M™T is trivial.

Proof. First, we claim that the base space F of any spectral triple (X4, T4, Y, ) is
isomorphic to 9M™. Indeed, there is a map ® : E — 9™ defined on each fiber by

v € B, — X (2)eT+ @y e

which is a linear isomorphism on each fiber (Corollary 2.10). Since ® is smooth it
follows that ® is a vector bundle isomorphism.

Suppose now that 9" is trivial. Then E is also trivial, i.e. there exist C*®
sections vy, ..., v, of E such that, for all z € M, the vectors vy (x), ... ,v,(z) form
a basis of F,. Relative to this basis, the vector bundle homomorphisms X, 7T}
and Yy are C*° matrix functions.
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The following is an example of a family of matrix polynomials L,(\) for which the
vector bundle M* is not trivial. For x = (x1,22,73) € S?, the unit sphere in R?,
let

A2 +1 1

A2 41 x

Lao(A) = A2 41 ZZ?Z
I X9 I3 0

Since det L,(A\) = —(\2 +1)2, the family of matrix polynomials L, ()\) satisfies the
hypotheses stated at the beginning of this section, with » = 2. It is not hard to
show that 91" is isomorphic to the tangent bundle T(S?), and is therefore not
trivial.

5. HOMOGENEITY PROPERTIES OF SPECTRAL TRIPLES

Let A(x, D) be an elliptic differential operator in 0 with the DN numbers

S1,...,5p,t1,...,tp. The coeflicients of the matrix polynomial
é .
L) =mA(y, (€, 0) =Y Aj(y, &)V
§=0

depend smoothly on the parameters (y,£’) € T*(9Q)\0 and have certain homo-
geneity properties in & which follow from the homogeneity properties of 7.A.

We consider first the case where A is homogeneously elliptic, that is, s = --- =
sp =L and t; = --- = t, = 0 (see Def. 1.3), because the notation is simpler
then and some of the results take on a more complete form. L(\) has degree
¢ with invertible leading coefficient, A, = mA(y,n(y)), and det L(A) has degree
a = pl. A finite spectral pair (X,T) for L()) is therefore a standard pair (Def.
2.15), that is, col(XTj)ﬁ;(l) is invertible. The homogeneity of m.A implies Ly c¢/(A) =
c*Ly ¢ (c™N), whence

(1) Aj(y,c€’) = i Aj(y,€), j=0,...4, VeceC.

Let ST*(09) denote the unit cotangent bundle to 9 consisting of (y,£’) € T*(99)
with |¢'| = 1, and let s : T*(0Q)\0 — ST*(9Q) be the map defined by (y,&’) —

(v, €'/1€'))-

Lemma 5.1. There exists a spectral triple (X4, Ty,Yy) with respect to the upper
half-plane for the family L(\) = 7 A(y, (&', ))), (y,&) € T*(0Q)\0, such that for
any ¢ >0

X+(y7 Cé-/) = X-‘r(yu 5/)7
(2) T+(yvc€/) = C'T-‘r(yvf/)v

Y+(ya Cfl) = Cl_e ' Y+ (ya 5/)3
where X € L(s™'E,CP), Ty € L(s7'E), Y, € L(CP,s71E), and s~ E is the pull-

back to T*(ONQ)\0 of a vector bundle E over ST*(0). (E is necessarily isomorphic
to MT.)

Proof. By virtue of Theorem 4.2 there exists a y*-spectral triple (X, T, ,Y,) for
L(\) with X, € L(E,CP), T, € L(E),Y; € L(CP,E) for some vector bundle F
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over ST*(99Q). Then we define

X+(ya§/) = X+(y7§1/|§/|)7
T+(y7€/) = |£I|T+(y7fl/|fl|)u
Yi(y,&) = €' Yy, €'/I€))-

The triple (X4,T4,Y,) satisfies the homogeneity properties listed above, and it
remains to show that it satisfies properties (i), (ii’), (iii) and (iv) of Def. 2.1 for all
(y,&") € T*(00Q)\0, given that it satisfies them on ST*(92). Condition (i) obviously
holds. As for condition (ii’), we have

X €T €W 06 = [ VL)

Yy

for |¢'| =1, ¢ > 0,5 = 0,1,..., because it holds when ¢ = 1 and due to (1),
(2) it then holds for any ¢ > 0 (by making the substitution A — c¢~!)). Finally,
conditions (iii), (iv) hold since for ¢ > 0

(3) col(X 4 (y, €T (y, ¢€"))j= = F(c) - col(X 4 (y,€)TL(y, €))5Z0

and

(4) row (T (y, €)Y (y, ¢€')) =g = row(T(y. £)Ya (y,€))i=5 - B(e),

where F(c) = diag(c’ I)?;é and E(c) = c-diabg(cjf)f;(lJ are pf x p¢ diagonal matrices

which are invertible.

For the matrix Z defined in (2-5), the homogeneity properties (1) imply

(5) Z(y,c€) = E7H)2(y,€)F(0),
where E(c) and F(c) are defined as above. Hence for the right and left Calderén
projectors P and P!, (3-4), (3-6) and (2) give

(6) Pyi(y,c€') = F(e)Py(y, &) F (o),

(7) Pl (y,c¢') = E(c)P,(y,£)E~ ' (c).

Remark. If we write Py = [Py;], where Py; are p X p blocks (i,k =0,...,{— 1),
then (6) implies Py;(y, c&’) = =Py (y, &'), whence Py; is the principal symbol of
a pseudo-differential operator on 9 of order k — i. Similarly for P} .

From now on it is always assumed that the y*-spectral triple of L()) is chosen
with the properties (2). By repeating the proof of Lemma 5.1 we see that the triple

(8) (X—(,€),T-(y,6), Y-(y,¢))
= (X+ (ya _g )7 _T+(yv _6/)7 (_1)1_EY+ (yv _5/))

is a y~-spectral triple of L, ¢ (), and has the (positive) homogeneity properties
(2). The Calderén projectors Pi(y, —¢’') and P_(y,&’) are similar (with similarity
matrix F'(—1)), and the same is true for the left Calderén projectors.

Let B be a boundary operator and consider the associated r X p matrix polynomial

B(\) = wB(y, (¢, ) ZB (. €A
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The kth row of 7B is homogeneous of degree my, in the variables £ = (¢/, \), whence
the kth row of the coefficient B; is homogeneous of degree my — j. In other words

) Bj(y,c€') = M(c)- Bj(y, €)™, >0,
for j =0,...,u, where M(c) is the r x r diagonal matrix [¢™*&;;]. Now let
o
(10) Af(y, €)= By, &)X T
7=0

(we omit the argument (y,¢’) in X1 and T4 to simplify the notation). By Theorem
3.3(iii), B satisfies the L-condition relative to A if and only if Af(y,¢’) is invertible
for all (y,&') € T*(9Q)\0. By virtue of (2) and (9)

(11) Ag(y,cg’) = M(c) - Aj(y,€),  e¢>0,
so it suffices to verify invertibility of Af(y,¢’) when (y,&') € ST*(99).

Remark. If the rows of wB(y, £) are not only positive homogeneous but also negative
homogeneous in & = (¢, A), then the B;’s satisfy the homogeneity property (9) for
all ¢ £ 0. In such a case we also define

m
(10) =Y Bj(y.&)X 17,
7=0
and it follows from (9) with ¢ = —1 and (8) that
(11) Af(y, =€) = M(-1)- Az (y,¢).

The next proposition shows that if y < ¢ — 1 and 781, 7Bs are positive and
negative homogeneous, then A+1 = A§2 if and only if 787 = 7B5. In other words,
given the pair (X1, T4), the principal part ©B of B is uniquely determined by AE.
Recall that p is the transversal order; there is no restriction on the total order of
B because the my’s are permitted to be any real numbers.

Remark. The condition that 7B be both positive and negative homogeneous holds
if B is a differential operator.

Proposition 5.2. Let B be a boundary operator of transversal order p < ¢ — 1.
Then we have 7By, (£, X)) = Zé : Bj(y,& )N, where

—j—1 —j—1
(12) Bi=AL- > TV Aj+A5 Y THY_Ajpn,

k=0 k=0
j=0,...,0—1(and B; =0 tf j > p ). Thus, if #B(y,§) is positive and nega-
tive homogeneous in &, it follows from (11') that the principal part =B is uniquely
determined by AE.

Proof. Since Zf_(l) Bj(y, & )XLT] = A, this follows immediately from the fourth
corollary of Theorem 2.14, because col(X TJ) o is invertible.

As we know from §4, the family of vector spaces MM+ = {9ﬁ+ ) is an -
dimensional vector bundle over ST*(9). A boundary operator B that satisfies
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the L-condition relative to A defines a trivialization
mt — ST*(09Q2) x C",
1d
u e Dﬁzyy — By fl( dt)u|t 0-

g’

This means that there is a “topological obstruction” to the existence of boundary
operators satisfying the L-condition. Conversely, if it is assumed that 9" is a
trivial bundle, then there exists a boundary operator B satisfying the L-condition.
In fact we have the following theorem.

Theorem 5.3. Suppose that M is a trivial bundle. Let A : ST*(9Q) — GL,.(C)
be any C*° matriz function (for example, A = I). Then for any mj € R,k =
1,...,r, there exists a boundary operator B with transversal order p < ¢ — 1 such
that the kth row of the principal part mB is both positive and negative homogeneous
of degree my, and

Af=A on ST*(09).

Moreover, the principal part of B is uniquely determined by these conditions. Since
A is invertible, B satisfies the L-condition.

Proof. ITn Theorem 4.4 we showed that if 9 is trivial then there exists a -
spectral triple of L(\) that consists of C°° matrix functions on ST*(99Q), i.e. X, T
and Y, are C°° matrix functions on ST*(9€) of dimensions p x r, r X r and r X p,
respectively. This triple of matrices can be extended by homogeneity so that it
satisfies the properties (2). Now let (X_,T_,Y_) be the v~ -spectral triple of L()\)
defined as in (8). In view of the first corollary to Theorem 2.14, the triple

(13) X =[x X ], T=(T+ T_>v Y=<§f)

is a finite spectral triple of L(\).
Extend A to T*(9Q)\0 by the formula A(y, &) = M(|&'])-A(y,&'/|€']), and then
define matrix functions A : T*(9Q)\0 — GL,.(C) by

A=A and A_(y,&)=M(-1)- Ay, =¢).

Now define  x p matrix functions B;, j = 0,1,..,£ — 1, by the formulas (12) with
A% replaced by Ay. Let B;F (y,€') and B (y,&’) denote the + and — terms on the
right-hand side of (12); then due to (2) and (1) it follows that for ¢ > 0

l—ji—1
Bf (y,c€) = Ai(y,c€) - Y THy, €)Yy (y, &) Ajsnia(y, €
k=0

4 1

= M)Ay, &) Y FTEY, &)Yy (1, €)Ajria (y, €)™
k=0

= M(c)B (y,€)c™

and, similarly, B} (y,c€') = M(c)Bj (y,£')c™?. Hence (9) holds for ¢ > 0. In view
of A_(y,&") = M(—1)A(y,&') and the equations (8), a similar calculation yields

B (y,—¢') = M(=1)B; (y,&)(-1)"’



MATRIX POLYNOMIALS AND THE INDEX PROBLEM 3139

and
so that (9) holds for ¢ = —1, and thus for all ¢ # 0. Finally, let B; be an r x p matrix
of classical p.d.o.’s on 99 with principal symbol equal to B; (Theorem 1.4(ii)), and
then let

-1 ‘

B=) Bj(y,D)Di.

§=0
By construction the kth row of B has order my, (k=1,...,r) and AﬂB: = AL . This
completes the proof of the theorem, for the uniqueness follows from Prop. 5.2.

Remark 5.4. The kth row of Bj(y,é’) has order my — j, where j =0,... £/ —1. If
my > £ — 1 for all k, then all these entries have nonnegative order.

For elliptic operators in the plane (n = 2) on a simply connected domain £,
the “topological obstruction” mentioned above is proper ellipticity; that is, A4 has
a boundary operator satisfying the L-condition if and only if it is properly elliptic.
Necessity has been proved in the remarks following Def. 1.6, and sufficiency is
proved in [Ro2, Theorem 2.4].

It should be noted that triviality of 9" is the basic restriction for existence of
boundary operators only because we have assumed that the image of the boundary
operator lies in the sections of a trivial bundle. If the boundary operators had been
permitted in the form

J
B:C>(Q,CP) — @ C>(09,G)),
j=1
where G; are vector bundles over 9Q (and the jth component of B is of order
mj,j = 1,...,J), then a weaker restriction on 9" would have been obtained
which is fundamental:

The necessary and sufficient condition for existence of a boundary operator B is
that M+ ~ pZ 'V for some vector bundle V over OS).

Here p, : ST*(9Q) — 09 is the projection (y,&’) — y from the unit cotangent
bundle to the boundary, and the condition on 9™ means that the fibers Sﬁ; g =Vy
are independent of &’. One could, of course, allow the elliptic operator A to act in
vector bundles too, i.e. A: C®(Q, E) — C=(Q, F), where E, F are vector bundles
over Q with the same fiber dimension. We have chosen to fix attention on systems
so that the connection with the matrix theory of §2 is more readily apparent.

The following is another version of Theorem 5.3. Note that the condition G- P} =
G can always be achieved since we can replace G' by G - P| (where P} = P; T
the left Calderdén projector).

Theorem 5.5. Let G be a smooth r x pl matriz function on ST*(9Q) such that
at each point (y,§') € ST*(02) we have G - P, = G and G : im P, — C" is
invertible. Then for any my € R, k= 1,... ,r, there exists a boundary operator BB
with transversal order p < £—1 such that the kth row of mB3 is positive and negative
homogeneous of degree my and

(14) G:i_ BNLTYA\) [T ... M7 a
2 )y
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The principal part of B is uniquely determined by these conditions. Since the rank
of G is r, then B satisfies the L-condition.

Proof. First note that 9t is a trivial bundle, due to the isomorphism G : im P} —
C" and the natural isomorphism 9+ ~ imP”’, (see Corollary 4.3). Therefore we can
apply Theorem 5.3. Let (X4,T4,Y,) be a y*-spectral triple for L(\) consisting
of smooth matrix functions on T*(9Q)\0, with the usual homogeneity properties.
Now,let A=G-Z- col(X+T_{_)§;é , which is an 7 x r matrix function on ST*(992).
In view of Corollary 2.12, we see that

(15) A-lyy ... TUYyy] =G,

Since G is surjective, it follows that A is surjective at each point of ST*(9Q).
However, A is a square matrix, so det A # 0, and A defines a smooth matrix
function ST*(9€2) — GL,(C). By Theorem 5.3 there exists a boundary operator B
with A = A. The equation (14) follows from (15). The boundary operator B is
uniquely determined in view of Theorem 5.3.

We now return to discuss operators of general Douglis-Nirenberg type. Note that
wA(z, c€) = S(e)mA(z, §)T(c) holds, where

S(c) = [irc™], T(c) = [birc™]
are p X p diagonal matrices. It follows that
Ly.cer(\) = S(c) - Lye/(c7'A) - T(o);

hence the coefficients, A;, of L(\) are homogeneous of degree s; +t;, — j in the (i, k)
entry (kand i =1,... ,p), that is,

(16) Ajly, c€') = S(e)Aj(y, )T ()™, j=0,...0
(for any ¢ € C). Once again we let s be the map from T*(9Q)\0 to ST*(99) defined
by s: (y,&) — (y,€/I¢'])-

Lemma 5.6. There exists a v -spectral triple (X, Ty, Y,) for L()\) with the fol-
lowing properties for any ¢ > 0

Xi(y,e€) =T () X+ (y,€),
(17) T+(yv Cfl) =c: T+ (yv é-/)v
Y+(y7 Cé-/) =cC- Y+ (y7 fI)S_l(C)u

where Xy € L(s71E,CP), T, € L(s7'E), Y. € L(CP,s7'E) and s~'E is the
pullback of E to T*(0Q)\0 of some vector bundle E over ST*(99Q). (E is necessarily
isomorphic to 9MT.)

Proof. The proof is by the same method as in Lemma 5.1, where
Xi(y, &) =T71(€']) - X4(y,€'/IED),
T (y,&) = 1§ - T (5, £/1€D),
Yi(y, &) = 1€l Yaly, /1€ - STHE).
Remark. The equations (3)—(7) still hold provided we define

F(e) = diag('T ()=}, B(e) = ¢ diag(e 571 (¢))/h.
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From now on it is always assumed that the y*-spectral triple of L()) is chosen
with the properties (17). By the same method as in the proof of Lemma 5.1 it is
clear that the triple

18)  (X_(y,€),T-(y.¢), Y-(y,¢))
= (T(=1) - Xy (y, =€), ~T4(y, =€), =Y (y, =¢) - S(=1))
is a vy~ -spectral triple of L, ¢/ ()); it also has the homogeneity properties (17).
Let B be a general boundary operator. The (k, %) entry of 718 is homogeneous of

degree my, + t;, so the (k, 1) entry of the coefficient B; of the corresponding matrix
polynomial B(A) is homogeneous of degree my, + t; — j. In other words,

(19) Bj(y,c€') = M(c)B;(y,€)T(c)c™,  ¢>0,

for j =0,...,u. We define Af just as in (10), and then (11) holds without change.
If 7B is positive and negative homogeneous we define Ay as in (10’), and then (11')
holds.

In general for DN operators we have 2r = a < p¢, in which case the leading
coefficient of L(\) is not invertible. We have a finite spectral pair (X, T)

X=[Xy X], T= (T+ T_> and Y= Gf_r) ’

but col(XTj)g;(lJ is not invertible. A pair of equations of the form Zf;é B;X,T] =
A+ still has a solution for B; since Z-row(TjY)g;(l) is a left inverse of col(XTj)g;(l),
but the solution is not unique. Hence Theorems 5.3 and 5.5 still hold, except for
the uniqueness (and of course the condition on the homogeneity of 718 is modified:

78 has DN numbers my, + t;).

6. TWO THEOREMS OF AGRANOVIC AND DYNIN TYPE

Let ElI** denote the set of p x p properly elliptic differential operators on  with
the DN numbers s; + ¢;, and let

BES7t,m

be the set of pairs (A, B), where A € EII®* and B is a boundary operator on 99
with DN numbers my, 4 t; and satisfying the L-condition.

Notation. If we have two boundary value problems (A, BY) € BE**™ i = 0,1, with
the same elliptic operator A such that AEO = Agl, we write

(A, B%) ~ (A, BY).

As stated in Theorem 1.7, an elliptic boundary problem defines a Fredholm operator
between various Sobolev spaces. In the following lemma, we use the fact that the
index of Fredholm operators is locally constant (with respect to the operator norm).

Lemma 6.1. If (A, B°) ~ (A, B') then
ind(A, B%) = ind(A, BY).
Proof. Let Af, = A for i = 0,1. Consider the boundary operators B™ = 78° +
(1—-7)B', 0 <7 <1. Since
Atgorioms =7 Ay + (1 —7) - A%, = A
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is invertible, then by Theorem 3.3(iii) the boundary operators B” satisfy the L-
condition relative to A for all 0 < 7 < 1. Hence we have the linear homotopy

(A,B")=7-(A,B% +(1—-71)- (A B

in the space of Fredholm operators W/tt(Q) — WE=3(Q) x WE™=1/2(9Q), and
the lemma follows immediately.

Sometimes it is convenient to modify the DN numbers of a boundary operator.
Let A™ € OS™(99Q), m € R, be a classical p.d.o. on 92 with principal symbol |£’|™;
then ind A™ = 0. (Note that the index of A™ is equal to that of its adjoint—and is
hence zero—because the symbol of A™ is real-valued, so it differs from its adjoint
by an operator of lower order, m — 1.) For m € R" let

AT = [AT*by5]),

J=1

which is a diagonal matrix operator, and ind A™ = 0 also. Given any boundary
operator B = >>i_ B;(y, D') D}, with DN numbers mj, +t;, the operator

m

B =A""™oB =Y A""™B;(y,D')D},
§=0

has DN numbers my + ¢, where m € R" is chosen arbitrarily. (In particular we

may let my; = 0,k = 1,...,r.) Clearly, B’ satisfies the L-condition relative to A

if and only if B does. Since the index of a composition of Fredholm operators

equals the sum of the indices of the individual operators, we have ind(A,B') =

ind(I, A) + ind(A, B), whence
(1) ind(A, B') = ind(A, B)
The following theorem is due to Agranovi¢ and Dynin (see [Ag]).

Theorem 6.2. Let (A,B;), i = 1,2, be two boundary value problems € BE>®™
having the same elliptic operator. Then

ind(A, B2) = ind(A, By) + ind S,
where S € OSY(OQ, r x r) with principal symbol 7S = AL - (Af )7 on ST*(09).
Note. A and Ag are defined by (5-10) with respect to any y*-spectral pair of
L(X) = mA(y, (€', A)).

Proof. Observe that the r x r matrix function Ag; . (Agl)_l is independent of the
choice of spectral pair, since any two such pairs are similar. In view of (1) we may
assume that B1 and Bs have the same DN numbers, say my = 0. By Theorem 1.4(ii)

there exists a classical pseudo-differential operator S € OS(9Q,r x r) such that
S = A§2-(A§1)_1. Consider the operator (A, SBy); since AJSFBI = WS'AEI = A?g;,
then by Lemma 6.1 we have

ind(A, Bz) = ind(A, SBy).
Now, since (A, SB1) = (I,5) ® (A, By), it follows that
ind(A, SB1) = ind(1,S) +ind(A, B1) = ind S + ind(A, B),

so the proof is complete.
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The particular values of the matrix function AE are of no significance because
they depend on the choice of (X,T4). In fact, replacing (X, T4) by the similar
pair (X4 (Af)™L AT (AL)™Y), we may assume that A = I, the r x r identity
matrix. On the other hand, given two boundary operators By and By for the
same elliptic operator A, then the matrix Agz (Agl)_l does have a topological
significance, as Theorem 6.2 indicates.

It should be mentioned that for an elliptic operator A which is defined on a
simply connected region, Q, in the plane (n = 2), there is an essentially canonical
choice of (X4, T,) that depends on the values of the coefficients of A on all of
(not just 0Q). In this case A} becomes an interesting function to study in its own
right, and in fact the index of (A, B) can be expressed in terms of a winding number
of Af along ST*(99). (See [Ro2].)

We turn now to prove a result which in view of Lemma 6.1 implies that, for the
purpose of index calculations, there is no loss of generality in considering only those
boundary operators where the transversal order, i, is less than the degree, ¢, of the
matrix polynomial L(\) = 7 A(y, (&', \)).

Theorem 6.3. Let (A, B) € BES*™. Then for some boundary operator R with
transversal order p < { — 1 and having the same DN numbers as B we have

(A,B) =~ (A, R),

i.e. R can be chosen so that A}; = AE . Further, if 7B is both positive and negative
homogeneous, then R can be chosen so that A% = A% .

Proof. Let (X4, T+,Y,) be a matrix y™-spectral triple of L()) satisfying, as usual,
the homogeneity properties (5-17), and (X_,T_,Y_) the vy -spectral triple defined
by (5-18). Suppose first that 75 is both positive and negative homogeneous. We
wish to choose matrix functions R; such that

1 . L .
(2) > Ri(y,&)X:TL =" Bi(y.§)X+T
§=0 j=0

Thus we let R; be defined by the expression on the right-hand side of (5-12),
7=0,...,£—1, or in other words

[Ro ... Rea]=Af-[vy ... TOW ] Z2+05-[vo ... 179 ]2

It is clear that R;(y,c€’) = M(c)R;(y,& )T (c)c™ for all ¢ # 0 (see the proof of
Theorem 5.3), so we let

~
|
-

R=) Ry, DD},
j

Il
=]

where R; € os™tt=i (092, r x p) is a pseudo-differential operator on 92 with prin-
cipal symbol R;, j = 0,...,¢ —1. Then R has the same DN numbers as B and
satisfies (2) by construction, since

AR =[Ro ... Reoa] col(X4T)Zd = Ak T+ Ap-0=A},

using Corollary 2.12 and the equation (2-12b). Similarly, Ax = Az . In the
case where mB is just positive homogeneous we define R; by the + terms on the
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right-hand side of (5-12), or, in other words,
[Ro ... Rea]=Af-[vy ... TV, Z,
and then continue as before. The proof is complete.

Let B(A) = wB(y, (¢, X)) and R(A\) = 7R (y, (§',A)) be the matrix polynomials
associated with B and R, respectively. If (2) holds, it follows that

(3) B(A) = QMWL) + R(N)

for some matrix polynomial Q(\). Indeed, (B(A) — R(\))L~1()\) has an analytic
continuation inside y7:

1 _ . .
5 N(BA) = R\)L™'(N)dA = [By ... Byu]col(XyT{)\_o-TiYy
'Y+
—[Ro ... Rea]col(X TH)'Zf TV,
= AL -TLY, — AL -TLY,
= O’
for all j =0,1,..., since A}; = AE . In the same way, one also shows that it has

an analytic continuation inside v, so it has an analytic continuation to the finite
complex plane. Since it has at most a pole at oo, it follows that (B(A)—R()\))L~1(\)
is a polynomial, or, in other words, (3) holds for some r X p matrix polynomial
Q(N) with coefficients depending smoothly on the parameters y, &’. Since (A, B) ~
(A, R), then as in Lemma 6.1 we have the linear homotopy

(A, (1 — )R + tB), 0<t<1,

joining (A, B) and (A, R) in the space BE>*™. This homotopy corresponds to the
following homotopy of matrix polynomials:
B'(\) = (1—t)-R(\) +t-B()\
=t-(B(A) —R(\)+ R(N)
=tQ(N)L(A) + R(N), 0<t<1
Remark. The equation (3) could be used for checking the L-condition. If (3) holds,

then (A, B) satisfies the L-condition if and only if (A, R) satisfies the L-condition
(since Af = Af).

7. HOMOTOPIES OF ELLIPTIC BOUNDARY PROBLEMS

Let I be the unit interval [0,1] in R. A homotopy of elliptic differential operators
is a family of p x p elliptic operators in EII** (i.e. with fixed DN numbers s; +t;),

AT:ZAQ(T,I')DQ, Tel,

such that the coefficients A, (t,-) are continuous from I to C*°(Q,p x p).

If the coefficients A, are C*° functions of the variables (1,7) € I x Q, then we
say that the homotopy is a C'*° homotopy.

The following fact is important for the next lemma: We can “speed up” a ho-

motopy A" to make it constant in a neighbourhood of 7 = 1 without affecting .A°.
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Indeed, choose a function ¢ € C§°(R) such that 0 < ¢ <1, p(0) =0 and ¢(r) =1
when 1 — 8§ < 7 < 1. Then for the homotopy A” = A?(") 0 < 7 < 1, we have

A% = A%, A= A" whenl-6<7<1.

Similarly, we can “slow down” a homotopy to make it constant in a neighbourhood
of 7 = 0 without affecting its value at 7 = 1.

Lemma 7.1. If two elliptic operators are homotopic, then they are C'°° homotopic.

Proof. Let A7, 0 < 7 < 1, be a (continuous) homotopy fromjélO to Al. By
definition, the maps 7 — A, (7,-) are continuous from I to C*®(,p X p), i.e. for
any multi-index v we have

sup IDY[A (T, x) — An(10,2)]|| < €

reQ
if |7 — 79| is sufficiently small. With v = 0 this shows that A, is continuous in 7
uniformly with respect to z. Since A, is continuous (in fact, smooth) in z for fixed
7, it follows that the matrix functions A, are continuous on I x €2. For any € > 0
we can find A, € C°°(I x Q) such that

sup HAQ(T, x) — A (T, x)H < e.
(r,2)EIXQ
Then A7 := . Ay(1,2)D%, 0 < 7 < 1, is a C° homotopy of elliptic operators
(ellipticity is preserved if € is chosen sufficiently small), and, further, we can join
A’ and A',i = 0,1, by a linear homotopy
kA 4+ (1 —K)A, 0<k<L1.
Finally, we can join the three homotopies to get

kA 4+ (1 — k)A”, 0<Kk<1,
A=t 1<k<2,
(3—k)A' + (k- 2)A', 2<k <3,

which is a piecewise C* homotopy from A° to A!. It is piecewise C* only because
of the points kK = 1 and k = 2, but it becomes C'*° if we first modify the homotopies
to make them constant in a neighbourhood of these points, as explained above.

Lemma 7.2. Let A™, 7 € I, be a homotopy of elliptic operators and suppose that
AY has a boundary operator satisfying the L-condition. Then there exists a matriz
~T-spectral triple

(1) (X+(T,y,§/),T+(T,y,fl),Y+(T,y,§/))

of Lrye(N) == mA (y, (&', N)) satisfying the homogeneity properties (5-2), with
entries that are continuous functions from I to C*°(T*(OQ)\0). Further, if AT
is a C° homotopy, then there exists a matriz v spectral triple with entries in

O (I x T*()\0).

Proof. We will prove the lemma only for the case of C°° homotopy. The general
case follows in the same way once the results of §4 are generalized appropriately.
Let M denote the vector bundle over I x ST*(99) with fibers 901} o Since the

restriction of MMT to {0} x ST*(IN) is trivial due to the existence of the boundary
operator for A? satisfying the L-condition, then O™ is also trivial (see [WRL,
§5.9]). Hence there exists a y'-spectral triple (1) of L, ¢/()\) consisting of matrix
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functions with entries that are C'* functions on I x ST*(992). The operators A”
have the same DN numbers for all 7 € I; hence as in Lemma 5.6 we can extend
this triple by homogeneity (5-17) so that it is a y*-spectral triple of L. , ¢/(\) for
all 7 € I and (y,&’") € T*(0Q)\0.

Remark. If B° is a boundary operator for A° satisfying the L-condition, then by
replacing (X4, T4, Yy) with (Xy M~ MT, M~ MY, ), where M = A}, we may
assume that

AEO = r X r identity matrix,
where A, is given by (5-10) with respect to the y"-spectral pair (X(0,-), T4 (0, -)).

A homotopy of boundary problems is a family (A", B") of boundary value prob-
lems in BES%™ i.e. satisfying the L-condition, where A" is a homotopy in ElIS*
and, in addition,

B =3"B"y,D)Di, rel,

where each B§T> e Os™*t—i (09,7 x p) is a classical p.d.o. with principal symbol
Bj(7,-) whose restriction to the unit cotangent bundle ST*(9€) is continuous from
I to C=(ST*(09),r x p). Tt is called a C*° homotopy if A" is a C°° homotopy
and the principal symbol of the operators B§T> are C'°° functions of the variables
(1,y,€") € I x ST*(99). If two boundary value problems are homotopic then they
are C* homotopic. (As in Lemma 7.1 a continuous homotopy of principal symbols
implies existence of a C'™° homotopy, and then we may apply Theorem 1.4(ii) to
lift the result to the operator level.)

The next theorem is the main result of this section. We have a map BES®™ —
EII®* defined by (A, B) — A, and we show that a given homotopy A" of elliptic
oper?tors in EII®* can be lifted to a homotopy of boundary value problems in
BE®"™,

Theorem 7.3. Let A7,0 < 7 < 1, be a homotopy (or C* homotopy) of p X p
elliptic differential operators in EUS*, i.e. with the DN numbers s; + t;. If B is
a boundary operator satisfying the L-condition relative to A° with DN numbers
my+t;, then there exists a homotopy (or C* homotopy) of boundary value problems

(A7,B7) € BE®*™ 0 < 1 < 1, with (A%, B°) ~ (A°, B).

Remarks.

(i) In particular, it follows that there exists a boundary operator B! satisfying
the L-condition relative to A!.

(ii) The condition (A°, B°) ~ (A%, B) implies that the two boundary value prob-
lem operators are (linearly) homotopic, as in the proof of Lemma 6.1. Then by
joining this homotopy with the homotopy (A", B7), as in the proof of Lemma
7.1, we obtain a homotopy from the given boundary value problem operator,
(A%, B), to the new one (A!, BY).

Proof. We prove the theorem for C*° homotopies since that is sufficient for our
purpose (and, besides, if a homotopy is given, then a C°> homotopy exists as shown
above, so there is little loss of generality). By Lemma 7.2 there exists a y*-spectral
triple (1) with the properties indicated there. Also, we may define a v~ -spectral
triple by the formula (5-18) and then a finite spectral triple (X,T,Y) as in the
proof of Theorem 5.3 (see (5-13)); we need this triple in order to use (2-14). The
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matrices X, T and Y are C° matrix functions on I x T*(90)\0. As in Theorem
5.3, there exist matrix functions B; such that

-1

(2) > By(r, )X (1,)TL(r, ) = Af,
j=0

for all 7 € I, namely,

—j—1
Bi(r,) = Ak Y T, Y4 (7, ) A ks (7,
k=0

i.e. let My = A% and M_ = 0 in the formula (2-14)). Then
B
B; € C°(I x T*(0)\0,r X p),

and, in view of the homogeneity properties (5-11), (5-16) and (5-17), it is easily
seen that

Bj(t,y,c€") = M(c)Bj(1,y,&)T(c)c ™, c> 0,

forall j =0,...,¢/—1. Now let BJ(-T) € 0S™HI (90, r x p) be a classical pseudo-
differential operator on 0! with principal symbol B;(7,-). Then the boundary
operator B” = Zf;(l) BJ(T)D% has the same DN numbers as B; further, the pair
(A7, B7) satisfies the L-condition for all 7 € I due to (2) and Theorem 3.3(iii), so

it is a homotopy in BE®*™ . This completes the proof of the theorem, because in
view of (2) with 7 = 0 we have A}, = A}, ie. (4,B°) ~ (A, B).

Remark. Just as in Theorem 6.3, if 7B is positive and negative homogeneous then
the boundary operators B” can also be constructed with this property. We let
My = Af(y, &), M_ = Ag(y,£') in the formula (2-14) to obtain a solution of the
equations

/—1
2)) > Bj(r, ) Xa(r,)TL(r, ) = AF

J=0
of the form

0—j—1
B, (7, ) = AE : Z T—ﬁ(Tv ')Y-‘r (7, ')Aj-i-k-‘rl (,7)
k=0
0—j—1

+Ag- > T )Y () Aj kg (1,0,
k=0
and then continue as before.
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